| ABERDEEN; 
MDCCLXXVI. 


Theſe Elements of Algebra were drawn up in order to 
be nfed as a Syllabus or Text, in teaching this branch 
of Science; and for this purpoſe, ſimplicity and per- 


ſpicuous arrangement were principally kept in view. 


INTRODUCTION, 


Uantity which can be meaſured, and is the object of 

mathematics, is of two kinds, Number and Extenſion. 
The former is treated of in ARITHMETIC; the latter in 
GEOMETRY. 


Numbers are ranged in a Scale, by the continued repetition 
of ſome one Number, which is called the Root; and in conſe- 
quence of this order, they are conveniently expreſſed in words, - 
and denoted by characters. The operations of arithmetic are 
eaſily derived from the eſtabliſhed method of notation, and the 
moſt ſimple reaſonings concerning the relations of magnitude. 


Inveſtigations by the common arithmetic are greatly limited, 
from the want of characters to expreſs the quantities that are 
unknown, and their different relations to one another, and to 
ſuch as are known. Hence letters and other convenient ſymbols 
have been introduced to ſupply this defect; and thus gradually 
has ariſen the ſcience of 4LGEBRA, properly called UNIVERSAL 
ARITHMETIC, 


In the common arithmetic too, the given numbers diſappear 
in the courſe of the operation, ſo that general rules can ſeldom 
be derived from it ; but in algebra, the known quantities as 
well as the unknown may be expreſſed by letters, which thro” 
the whole operation retain their original form; and hence may 
be deduced, not only general canons for like caſes, but the con- 
nexion and dependence of the ſeveral quantities concerned, and 
alſo the determination of a problem, without exhibiting which 
it is not completely reſolved. 


If geometrical quantities be ſuppoſed to be divided into equal 
parts, their relations in reſpect of magnitude, or their proportions, 
may be expreſſed by numbers; one of theſe equal parts being 
denoted by the unit. Arithmetic however is uſed in expreſſing 
only the concluſions of geometrical propoſitions, and it is by 


algebra that the bounds and application of geometry have been of 
late 10 far extended. 


The proper objects of mathematical ſcience are number and 
extenſion; but mathematical enquiries may be inſtituted alſo 
concerning any phyſical quantities, that are capable of being 
meaſured or expreſſed by numbers and extended magnitudes. 
And as the application of algebra may be equally univerſal, it 
has been called The ſcience of quantity in general, 
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DEFINITIONS, 
I, OFT which are known, are- generally 


repreſented by the firſt letters of the alphabet, 
as a, by c, &c. and ſuch as are unknown, by 
the laſt letters, as x, y, z, &. | 


U. The ſign + (plus) placed before any quantity, denotes 
that, that quantity is to be added; and when no 
ſign is expreſſed, + is underſtood. Thus a + 5 denotes 
the ſum of @ and 6; 3-+5 denotes the ſum of 3 and 5, 
or 8. 


III. The fign — (minus) denotes that the quantity, before 
which it is placed, is to be ſubtracted. Thus a—s 
denotes the exceſs of à above 6: 6—2 is the excels of 
6 above 2, or 4. 

Note, Theſe characters + and — from their extenſive uſe in 
Algebra are called the fgns; and the one is ſaid to be 
oppolite or contrary to the other. | 


IV. Quantities which have the ſign + prefixed to them, are 
called poſitive or affirmative; and ſuch as have the 
ſign — prefixed to them, are called negative. 


V. Quantities which have the ſame ſign, either + or —, 
are allo. ſajd to have like ſigns, and thoſe which have 
different ſigns, are ſaid to have unlike figns. Thus, 
+az+b, have like figns, and +a,—c, are ſaid to have 
ualike figns. 
VI. The juxtapoſition of letters as in the ſame word, expreſ- 
ks the product of the ———_— denoted by theſe * 
; us 


(2) 
Thus ab expreſſes the product of à and b; bed ex- 
preſſes the continued product of b, c, and d. The ſign 
* alſo expreſſes the product of any two quantities 
between which it is placed. oh A 


A number prefixed to a letter, is called a numeral coeffi- 
cient, and expreſſes the product of the quantity by that 
number, or how often the quantity denoted by the letter 
is to be taken. When no number is * unit 
1s underſtood, , 


The quotient of two quantities is denoted by placing the 
dividend above a ſmall line, and the diviſor below it, 


Thus, = is the quotient of 18 divided by 3 or 6; 5 is 


the quotient of à divided by 6. This expreſſion of a 


quotient is alſo called a fraction. | 
IX. A quantity is ſaid to be ſimple, which conſiſts of one part 


or Term, as +2, —abc; and a quantity is ſaid to be 
compound, when it conſiſts of more than one term, con- 
nected by the ſigns + or —. Thus, a+, a—b+:, are 
compound quantities. If there are two terms, it is 
called a binomial : if three, a trinomial, &c. | 
Simple quantities or the terms of compound quantities 
are ſaid to be like, which conſiſt of the ſame letter or 
letters, equally repeated. Thus +4a6,—gab, are like 
quantities; but ab, and +aad, are unlike. | | 


The equality of two quantities is expreſſed by placing 


the ſign = between them. Thus x+2=b—c, means that 


the ſum of x and a, is equal to the exceſs of þ above c. 


When quantities are conſidered abſtractly, then + 
and — denote addition and ſubtraction only, according 
to Def. II. III. and the terms poſitive and negative 
expreſs the ſame ideas. In that caſe, a negative 
quantity by itſelf is unintelligible. The ſign alſo is 

unneceſſary before ſimple quantities, or before the leading 


term of a compound quantity which is not negative; 


tho' when ſuch a quantity or term is to'be added to 
another, + muſt be placed before it to expreſs that 
addition, and hence in Def. II. it is faid that + is 
underitood, when no ſign is expreſſed. | | 


In certain quantities, however, as particularly in Geo- 
N metrical 


a (3) 

- metrical, there may be an oppoſition or. contrariety. 
entirely analogous to that of addition and ſubtraQtion ; and 
the figns + and — may be ufed to expreſs that contrariety. 
In ſuch caſes, negative quantities are underſtood to exiſt 
by themſelves; and the ſame rules take place in opera- 
tions into which they enter, as are uſed with regard to 
the negative terms of abſtract quantities. ; 


S299 £000 SOODSES: 


C H A P. | I. 


Fundamental Operations. 
TY fundamental operations in Algebra are the ſame as 


in common arithmetic, ADDITION, SUBTRAC- 
TioN, MULTIPLICATION, and Drvisiox; and from the 
various combinations of theſe four, all the others are derived. 


PROB. L To add Quantities. | 
Simple quantities, or the terms of compound quantities, to be 
added together, may be like with like ſigns, like with unlike 
ſigns, or they may be unlike. 
CasE I. To add Terms that are like, and have like figns. 
Rule. Add together the coefficients, to their ſum prefix the 


common ſign, and ſubjoin the common letter or letters. 
EXAMPLES». 


annneget agar 


To gab 34aa—ab 
Add gab aaa 
— aaa gaõ 
Sum gab 
1 4aa -ab. 


Cas II. To add Terms that are like, but have unlike ſigns. 
Rule. Subtract the leſs coefficient from the greater x prefix 
the fign of the greater to the remainder, and ſubjoin the 
common letter or letters. 


EXAMPLES. 


—4 e 28a 

+74 —Jbc +246 
+ bc 4346 

+38 — 2 
8 0 


Caen 


[4] 


Cask III. To add Terms that are unlike. 
Rule. Set them all down, one after another, with their figns 


—— — 


—ͤ———̃ᷣ — — 


— — — 
* — — — —— U U—U—-—E . ² 1; — 
— — — cc 


| and coefficients prefixed. 

| | EXAMPLE 

| 2a+3b 

—5c +8 

= : 2a + 36 — ge +8 

| Compound quantities are added together, by uniting the ſeveral 


terms, of which they conſiſt, by the preceeding rules. 


EXAMPLE. 
gab — 3xy — 12cd 
The ſum 1352 —5 ＋15 
ged— 4xy — mn 


is 446 — gcd 15 -m 
„ Ihe rule for caſe III. may be conſidered as the general rule for 
|; adoepy dividing all Algebraical Quantities whatſoever, and by the 
| rules in the two preceeding caſes the like Terms in the Quan- 
| tities to be added may be united ſo as to render the expreſ- 
| ſion of the ſum more ſimple, RES 


PRO B. II. 7 ſubtraf Quantities. 


General Rule. Change the ſigns of the quantity to be ſubtrac- 
ted into the contrary figns, and then add it, ſo changed, to the 
quantity from which it was to be fubtrafted: \by Prob I.) 
the ſum ariſing by this addition is the remainder. 


EXAMPLES. 


. 
—— — a 


2:4 5 
aa» — 


8 


From a 7ab— 16bc 
Subtract + 34 Jab+mb 
Rem. +29 gab=-16bc—mb_ 


From ea—7b4+9c+8 
Subt. . — 


Rem. 3a—36 # 4+8-+d | 

When a poſitive quantity is to be ſubtrafted, the rule is 
obvious: in order to ſhew it, when the negative part of a quan- 
tity is-to be ſubtracted, let c—d be ſubtracted from a—b, the 
remainder, according to the rule, is a—b—c+d. For if c is 
ſubtracted from a—b, the remainder plainly is a—b—e; but 
this is too {mall, becauſe & is ſubtracted inſtead of c- which 
| | 48 


(5) 


is leſs than it by 4; the remainder therefore is too ſmall by d; 
and d being added, it is a—b — c d, according to the rule. 


PRO B. III. To multiply Quantities. 


General Rule for the Signs. When the ſigns of the two terms 
to be multiplied are like, the fign of the product is + ; but 
when the figns are unlike, the fign of the product is —. 
CASE I. To multiply two terms. | 
Rule. Find the ſign of the product by the general rule: after it 
place the product of the numeral coefficients, and then ſet dawn 
all the letters one after another, as in one word. 


Mult. 2 2 | +56 — ax 
By +6 25 — 7a 
—15 % - +3 zaabr 


The reaſon of this rule is derived from Def. 6. and from 
the nature of multiplication, which is a repeated addition of one 
of the quantities to be multiplied as often as there are units in 
the other. Hence alſo the letters in two terms multiplied 
together may be placed in any order, and therefore rhe order 
of the alphabet is generally preferred. 

Cas II. To multiply compound quantities. 

Rule. Multiply every term of the multiplicand, by all the 
terms of the multiplier, one after another, according to the 
preceeding rule, and then collect all the products into one ſum : 


That ſum is the product required. 
EXAMPLES. 
Mult, 2a+36 mx 
By gax—4by m 
Gas- mm mx 
—Baby—12bby mA -K 


Prod. 6aax+9abx—8aby—12bby om 0 —xx 


Mult. a—6b 
By «<4 


ac—cb 
8 —ed+db — 
Prod. a- ch -ad td 


(6) | 
Of the general Rule for the Signs. 
The reaſon of every part of that rule, will appear from the 
laſt mentioned example of a—b, multiplied by -d. 


Since multiplication is a repeated addition of the multiplicand, 
as often as there are units in the multiplier, hence, if a—6 is 


to be multiplied by c, a—b muſt be added to itſelf, as often as 


there are units in c, and the product mult obviouſly be ca—cbs 
(Prob. I.) | 
But this product is too great, for a—b is to be multiplied by 
c—d only, and not by c:- therefore d times a—b, or da—db is 
to be ſubtracted from the former part of the product, and the 
remainder which (by prob. II.) is ca—cb—da+4db, will be the 
true product required. | | 
Def. 12. When ſeveral Quantities are multiplied together, 
| 1 2 0 them is called a factor of the Product. 
13. The products ariſing from the continual multiplication 
of the ſame quantity, are called the Powers of that quantity, 
which is the Root. Thus aa, aaa, aaaa, &c. are powers 
of the root a. 
14. Theſe powers are expreſſed by placing above the root to 
the right-hand a figure denoting how often the root is repeat - 


ed. This figure is called an index or exponent, and from it the 


power 1s denominated. Thus, 
45 iſt Power of the Root Ha or a 
aa = © 2d a, and is o- Ca 
© Y3d ( © therwiſe expreſ- (a3 
4th I ſed by Da &c. 
The 2d and 3d powers are generally called the fquare and 
Cube; and the 4th, 5th, and 6th, are alſo ſometimes reſpec- 


tively called the Biquadrate, Surſolid, and Cubocube. 
Cor. Powers of the ſame root are multiplied by adding their 


exponents. Thus, a* x a* = af, or aaa X aa = aazaa, bY x HH.. 


SCHOLIUM. 


Sometimes it 1s convenient to expreſs the multiplication of 
uantities, by ſetting them down with the ſign (x) between 
em, without performing the operation according the preceed- 


ing rules, thus a*xb is written inſtead of a*b. and a—b x c 

expreſſes the product of a—b, multiplied by c—d. 

Def. 15. A Vinculum is a line drawn over any number of terms 
of a compound quantity to denote thoſe which are under- 


| Nood to be affected by the particular ſigu connected * 
g us 


(7) 


Thus in the laſt example it ſhews, that the terms + @ and 
— 6b, and alſo c and -A are all affected by the ſign (x), With- 
out the vinculum, the expreſſion a—bxc—d would mean the 


exceſs of a above bc and d; and a—bxc—d would mean the 


exceſs of the Product of a—b by e, above d. Thus alfo, D-. 
expreſſes the ſecond power of a6, or the product of that quan · 
tity multiplied by itſelf; whereas ah would expreſs only the 

ſum of a and b*; and ſo of others. 


PRO B. VI. To divide Quantities. 


General rule for the ſigns. If the ſignt of the diviſor and divie 
dend are like, the fign of the quotient is +; if they are unlike, 
the fign of the quotient is —. | 
This rule is eafily deduced from that given in Prob. 3. for 

from the nature of diviſion, the quotient mult be ſuch a quan- 

tity as multiplied by the diviſor, ſhall produce the dividend with 
its proper ſign. | ty) 

From Def. 8. the Quotient of any two Quantities ma 
be expreſſed by placing the dividend above a line aud the divi- 
ſor below it. But a quotient may often be expreſſed in a more 
ſimple and convenient form, as will appear from the following 
diſtinCtion of the Caſes. an' it 
Caſe I. When the diviſor is ſimple and is a factor of all. the 
Terms of the Dividend. This is eafily diſcovered by . Range 3 
for then the coefficient of the divilor meaſures that of all the 
Terms of the dividend, and all the letters of the diviſor are 
found in every Term of the Dividend. TB 
Rule, The letter or letters in the diviſor, are to be expunged 

out of each term in the dividend, and the coefficients of each 

term to be divided by the coefficient of the diviſor ;' the quan- 
tity reſulting is the quotient, oe | 
Ex. a) ab(b. 2aab) 6a*%i—4a*bdm (3ac—2dm. 
The reaſon of this is evident from the nature of diviſion, 
and from def. 6. 4 he | Pi 

Note, It is obvious from corollary to prob. 3, that powers of 
the ſame root are divided by ſubtracting their exponents. 
Thus a*)a3 (a. a3)a? (as. alſo a5) 4566 (abs. 

Cask II. When the diviſor is ſimple, but not a factor of 
the dividend. | i ; 221 
Rule. The quotient is expreſſed by a fraction, according to 

def. 8. viz. by placing the dividend above a line, and the 

diviſor below it. 
Thus 


— — l 
a : A 4 
—— x — 4 


—c ———_— - > - a — 4 


— 


— * — — 
q £ — Pfr anon — —— 3 — 
ä ——— 


multiplied by a + b, being ſubtracted — + . nothing 


(8) 

Thus the quotient of 3ab* divided by 2mbc is the fraction 
ab? 
2mbc 

Such expreſſions of quotients may often be reduced to a 
more ſimple form, as ſhall be explained in the ſecond part of 
this chapter. 

Cask III. When the diviſor is compound. 

R U L E. 

1. The terms of the dividend are to be ranged according to the 

powers of ſome one of its letters: and thoſe of the diviſor, ace 

cording to the powers of the ſame letter. 

Thus, if a + 2ab + þ* is the dividend, and a + b the divi- 
ſor, they are ranged according to the powers of a , 


2. The firfl term of the dividend is to be divided by the firft 
term of the diviſor, (obſerving the general rule for the fignss) 
and this quotient being ſet down, as a part of the quotient 
wanted, is to be multiplied by the whole (diviſor, and the 
produtt ſubtracted 32 the dividend. If nothing remain, 

te diviſion is finiſhed : the remainder, when there is any, 
it a new dividend. 


Thus in the preceeding example, a“ divided by a, gives a, 
which is the firſt part of the quotient wanted: and the product 
of this part by the whole diviſor a + 5, viz. a* + ab being ſub- 
tracted from the given dividend, there remains in this example 
ab + b®. 


3. Divide the firſt term of this new dividend, by the firſt term 
. of thediviſor as before, and join the quotient to the part alrea- 
dy found, with its proper / gn: then multiply the whole divi- 
* by this part of the quotient, and ſubtraft the product 
from the new dividend : and thus the operation is to be con- 
tinued till no remainder is left, or till it appear, that there 
will always be a remainder. 


Thus in the preceeding example, + as, the firſt term of the 
new dividend divided by a, gives þ; the product of which, 


remains, and a+ is the true quotient, 
The 


46 


'(9) 
The entire operation is as follows. 
417 5) 4˙ ＋ 235 * (a+6b 
n "IM - 2» 4 7 
. ab + 5 
ab + 6? 
| |S * | 
42 —=b) 343 — 12a* —a*B + 10ab — 2B (4* — 44 +28 
3a — a*b . 


= 
18 
. 


| 


. ——— 0 : ® | 
1-00 (TTA +a), &c; 
1 "i 


0 ＋ 4 — 4 


n 
—_— 


042 > x 
58171 + a? — a 


5 42 | + 47, Kc. | 

ö It often: happens, as in the laſt example, that there is ſtill a 
remainder from which the operation may be continued without 
end. This expreſſion of a quotient is called an infinite ſeries z 
the nature of which ſhall be conſidered afterwards. By com- 

paring: a few of the firſt. terms, the lau of the ſeries may be 

- diſcovered, by which, without any more diviſion, it may bs 

continued to any number of terms wanted. 


Of the General Rule, 


The reaſon of the different parts of this rule is evident; for 
in the courſe of the operation, all the terms of the quotient ob- 
tained by it, are multiplied by all the terms of the diviſor, and 
the products are ſucceſſively {abtratted from the dividend, till 
nothing remain: that, therefore, from the nature of diviſion, 
mult de the zrue quotient. — | a | 
CEE” 172 * Not 


(10) 

Note. The f ign L is ſometimes uſed to expreſs the quotient 
of tw two o quantities, between which it is placed ; thus 7 
a ＋ , + 4 Þ x; expreſſes the quotient of a* + x* divided © 
by a + x. 


CHAP. 1 PART I. 4 
Of FRACTIONS. : 


DEFINITIONS. 


WW FEN 2 quotient is expreſſed by a fraction, the divi- 
dend above the line is called the numerator ; and 


the diviſor below it is called the denominator. 

II. If the numerator is leſs than the denominator, it is called 
a proper fraction. 

III. If the numerator is not leſs than the denominator, it is 
called an improper fraftton. ' , 


IV. If one part of a quantity is an integer, and the other a | 
fraction, it is called a mixt quantity. x 
V. The reciprocal of a fraction, is a fraction whoſe numerator 
is the denominator of the other ; and whoſe denominator 
is the numerator or the other. The reciprocal of an inte- 
ger is the quotient of I divided by that integer, Thus 


1 1s the reciprocal of 2 75 and 2 is the reciprocal of m. 


The diſtinctions in Def. IL III. IV. properly hes to - | 
common arithmetic, from which hey s are e ang | 


are ſcarcely uſed in Algebra. 


The operations concerning fractions are founded on the bor 

lowing propoſition : 

If the diviſor and dividend be either both multiplied, or both 
divided, by the ſame quantity, the quatient is the ſame ; or 
if both the numerator and denominator of the fraction be either 
multiplied or divided by the fame PW the vaſes of "ay 
Jrattin j is the _ 

Thus let 5 — C3 then 7 =5 Co For from the nature of 
diviſion if the quoticnt 55 (=c) be. multiplicd by the diviſax 

— | 1 6 


——— Rn . 
mn — * 
1 — 3 
* 82 3 
— a? 


(11) 
b the product muſt be the dividend 4. Hence &7 * 3 =) be az 


and likewiſe ma = mbc, and dividing both by mb, 555 =c. 
c ma " © 
Converſely if — = then alſo Se. 


Cor. 1. Hence a fraction may be reduced to another of the 
XZ ſame value, but of a more ſimple form; by dividing both nu- 
"XZ merator and denominator by any common meaſure, 27 


Taue D. 
2b 


12ab 
84b + 6ac__ ab + 36. : 
3 e 


. 4a 
Cor. 2. A fraction is multiplied by any integer, by multi- 

lying the numerator, or dividing the denominator by that 
integer: and converſely, a fraction is divided by any integer, 
by dividing the numerator, or multiplying the denominator by 


that integer. 
Prob. I. To find the greateſt common meaſure of two quan- 
tities. 
1. Of pure numbers 
Rule. Divide the greater by the leſs: and if there it no re- 
mainder, the leſs is the greateſt common meaſure required. If 
there is a remainder, divide the laft diviſor by it; and thus 
proceed continually dividing the laft diviſor by its remaindery 
till no remainder is left, and the laſt diviſor is the greateſt 
common meaſure required, 


The greateſt common meaſure of 45 and 63 is. 9; the 
greateſt common meaſure of 187 and 391 is 17. Thus 


45) 63 ( 187) 391 (2 
18) 45 (2 17) 187 (ty 
36 . 
9) 18 (2 » 
. | 
- | 


This rule depends on the twa following evident principles, 
iſt. A quantity which meaſures both diviſor and remaindet 
will alſo meaſure the dividend ; ad. A quantity which meaſures 
both diviſor and dividend muſt alſo meaſure the * 

5 a J 


(12) 


By the fitſt it appears that the number found by this rule is a 


common meaſure, and by the ſecond it is plain there can be no 
greater common meaſure ; for if there were, it muſt neceſſarily 
meaſure the quantity already found leſs than itſelf, which 
is abſurd. IEP 

When the greateſt common meaſure of algebraical quanti- 


ties is required, if either of them be ſimple, any common 3 
imple diviſor is eaſily found by inſpection. If they are both 


compound any common ſimple diviſor may alſo be found by 


inſpeCtion. But when the greateſt compound diviſor is wanted | ; 


the preceeding rule is to be applied only, 

2. The ſimpie diviſors of each of the quantities are to be taken 
oat, the remainders in the ſeveral operations are alſo to be divid- 
ed by their ſimple diviſors, and the quantities are always to be 
ranged according to the powers of the ſame letter. 


7 . 
8 2 
r 3 1 , 
8 ont 
DAVES 


The ſimple diviſors in the given quantities or in the remain - I 


ders do not affect a compound diviſor which is wanted, and 


hence alſo to make the diviſion ſucceed, any of the dividends | 
may be multiplied by a ſimple quantity. Beſides the ſimple 
diviſors in the remainders not being found in the diviſors from 


which they ariſe, can make no part of the common meaſure 
ſought, and for the ſame reaſon, if in ſuch a remainder there 
be any compound diviſor which does not meaſure the diviſor 


| from which it proceeds, it may be taken out. 


EXAMPLES. p 
2 —bþ) * — 246 +6 (1 
2 — 35 
— 24 + 26* Remainder which 
divided by — 26 is a- 00 4 —H(a+b 
a — 6 


—— 


S * 

If the quantities given are 84.5 — 10ab3 + 26%, and 941 — 
gab“ + 3a — 3a“. The ſimple diviſors being taken out, 
viz. 26* out of the firſt, it becomes 4a — Fab + &, and 3ab 
out of the ſecond, it is 34%—3a*b + ab* — b3. As the latter is 


vo be divided by the former, it muſt be multiplied by 4 te 


make the operation ſucceed, and then it 1s as follows. 
4a = gab + 6?) 1243 — 124% + gab* — 463 (34 
| - 1243 — 154 + 3ab*. 


— 


34 + ab* — 443 Y 


Tais | 


tw. EA w OO O ka og 


;- 


(13) 
This remainder is to be divided by 6, and the new dividend 
multiplied by 3, to make the diviſion proceed, thus 


34* + ab — 46* ) 124* — 15ab + 3b* (4 
124 + 4ab — 166* 


— 19ab + 19 
and this remainder divided by — = 8 4 b which being 
made a diviſor, divides, 34 + ab — 46* without a remainder, 
and therefore a —b is the greateſt compound diviſor : but there 
is a ſimple diviſor i, and therefore a - b x is the greateſt come 
mon meaſure required, 


Prob. II. To reduce a fraction to its loweſt terms. 


Rule, Divide both numerator and denominator by their gra 

common meaſure, which may be found by prob. 1. 
Thus, 2 , 256c being the greateſt common meaſure. 
125bex 5x | F | 


2 r 3% — 3ab* 


RE 355 — 10ab3 ＋ 208 12 
8 = + 3ab⸗ = 
8 — the N common meaſure being 4 5 x b, by 
prob. 1. | 


Prob. III. To reduce an integer to the form of a fraction. 


Rule. Multiply the given integer by any quantity for a nume- 
retor, and ſet that quantity under the — for à denomi- 
nator. 


— þÞ 5 
po 


Cor. Hence, in the following operations concerning frac- 
tions, an integer may be introduced ; for, by this problem, it 
may be reduced to the form of a fraction. The denominator 
of an integer 1s generally made 1, 


Prob. IV. To reduce fractions with different denominators 


to fractions of equal value, that ſhall have the ſame denomi- 
nator. 


Rule. Multiply each numerator, ſeparately taken, into all the 
denominators but its own, and the produtts ſhall give the new 
numerators. Then multiply all the denominators into one ano- 


ther, and the 2 ſhall give the common denominator. 
Example 


Thus a=—,a+b=- 


— —ͤ—ä—U— . — — — —— —ͤ— 


(14) 
: Example. Let the fractions be 2 . 7 ; they are reſ · 
; ad bf de 
pectively equal to 4% la bf 


The reaſon of the operation appears from the preceeding pro- 
poſition; ſor the numerator and denominator of each fraction 
are multiplied by the fame quantities; and the value of the 
fractions therefore is the ſame. 


Prob. V. To add and ſubtract fractions. 


Rule. Reduce them to a common denominator, then add or ſubs 
tract the numerators; and the ſum or difference ſet over the 
common denominator is the ſum or remainder required. 


Ex. Add together ws —_ 7 the ſum is . + 4 
4d — be E 


terer 2 a 
From — ſubt. 2 the difference is 7 


From the nature of diviſion it is evident, that when ſeveral 


uantities are to be divided by the ſame diviſor, the ſum of the 
—— is the ſame with the quotient of the ſum oſ the quan- 
tities divided by that common diviſor. 71.698 
In like manner the difference of two fractions having the 
fame denominator, is equal to the difference of the numerators 
divided by that common denominator. 0 
Cor. From Cor. Prob. 3. Integers may be reduced to the 
form of fractions, and hence integers and fractions may be 
added and ſubtracted by this rule. Hence alſo what is called a 
mixed quantity may be reduced into the ſorm of a fraction by 
bringing the integral part into the form of a fraction, with the 
ſame denominator as the fractional part, and adding or ſub- 


tracting the numerators according as the two parts are con- 


nected by the ſigns + or —. . 
„ 
r ani] 6 2a 20 
— fc! 

r 


Sometimes it is convenient to diſtinguiſh a fraction into parts by 
dividing the numerator, into ſeveral parts, and ſetting each over 


the original denominator and uniting the new fractions by the 


ligns-of their numerators. 
* 2 


— 


Thus 


Prob. VI. To multiply fractions. | 


Rule. Multiply _ numerators into one another, to obtain the 
numerator of the product ; and the denominators, multiplied 
into one another, * give the denominator of the produtt. 


—_ 
Ex. * 4 L.A Exit 


For if 5 to be multiplied by e, the product i is 3 but if 
it is to be multiplied only 25 the former _ muſt be 


divided by d, and it becomes. 2s 7 70 ber. 2. to de preceoding 


problem.) 
Or let _ m, and =. Then 4 e, and c du 


ac 5 
and ac = bdmn, and (mn =) Xx 7 "IT 


Prob. VII. To divide fractions. f 


Rnle. Multiply the numerator of the dividend by the denominator 
of the diviſor z their product ſhall g ive the numerator of the 
quotient. Then multiply tbe — of the dividend by the 
numerator of the diviſor, and their preduct ſhall give the 


denominator. - 
Or, Multiply the dividend by the reciprocal of the diviſor ; the 
product will be the quotient wanted, 


a be 2 b | 
oY "hats 792 787 oe: n Ar 


For if is to be divided by 4, the FREY th. — but = 7 is a 
to be divided not] by a, but by = 5 therefore the former 


ener 1 d aud 


Or let = My and © I= then a = bm, and c dn; alſo 
_ be 


3 a = * and be dn 5 therefore ( 


„ 


— — — ̃F‚—ä— 


. 
OO ed „ i an ** —Eẽw 2 — 


n > = 
— — — —— —— — 22 — b 


de - 


— . — — — AM Co Cs . 


N 
. 
' 


—  ——_ • 
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SC HO LIU M. 


By theſe problems, the four fundamental operations may be 
ormed, when any terms of the original quantities, or ot 
thoſe which ariſe in the courſe of the operation, are fractional. 


Example - Mult. a“ 3ax 


a2 28 
ab 
By —_ : 
a% a 6ax? 
1 9 
21 2K 
a T) a? +x* (a — x 1&0 
a? + ax 
"  - 
— 2* 
2x* + — 
7 N 
* a 
: 2 x3 2x1 
— a — 


This quotient becomes a ſeries, of which the law of continua- 
zion is obvious, without any farther operation. 

In ſuch caſes, when we arrive at a r:mainder of one term, it 
is commonly ſet down with the diviſor below it, after the other 
terms of the quotient, which then becomes a mixt quantity. 


Thus the laſt quotient is alſo expreſſed by «x + =. 


_ CHAP, 


(17) 


— — ——  p_ 


SE H 4 II. 
Of Proportion. 


Y the preceeding operations, quantities of the ſame kind 
B may be compared together. 

The relation ariſing from this compariſon is called Ratio or 
Proportion, and is of two kinds. If we conſider the difference 
of the two quantities, it is called Arithmetical Proportion ; and 
if we conſider their quotient, it 1s called Geometrical Proportion. 
This laſt being moſt generally uſeful, is commonly called 
ſimply Proportion. | 


1. Of Arithmetical Proportion. 


Definition, When of four quantities the difference of the firſt 
and ſecond is equal to the difference of the third and fourth, 
the quantities are called arithmetical proportionals. 


Cor. Three quantities may be arithmetically proportional, 
by ſuppoſing the two middle terms of the four to be equal. 


Prop. In four quantities arithmetically proportional, the ſum 
of the extremes is equal to the ſum of the means. 


Let the four be a, b, c, d. Therefore from Def. a — b c- d- 
to theſe add b+d and a +d =b+ c 


Cor. Of four arithmetical proportionals, any three being 
given, the fourth may be found. | 


Thus let a, 6, e, be the 1ſt, 2d, and 4th terms, and let x be 
the · 3d which is ſought, 
Then by def. a+ c=b+x, and x= @ 4 — 6b, 


2, Of Geometrical Proportion. 


Definition. If of four quantities, the quotient of the firſt 
and ſecond is equal to the quotient of the third and fourth, theſe 
quantities are ſaid to be in geometrical proportion. They are 
alſo called proportionals. 1 ES 

Thus if 4, ö, e, d, are the four quantities, then = and 
h cir ratio is thus denoted, a:b::c; d. 


Cor, 


| (18) 

Cor. Three quantities may be geometrical proportionals, viz. 
by ſuppoſing the two middle terms of the four to be equal. If 
the quantities are a, b, c, then = - „and the proportion is 


expreſſed thus, a : Y: c. 


Prop. I. The product of the extremes of four quantities geo- 
metrically proportional 1s equal to the product of the means : 


and converſely, 
Let a: 533:03 0 
Then by Def. === 
| en by Del. 7 2 
and multiplying both by bd, ad = c. 
If ad = bc, then dividing by bd == ::: K 


Cor. 1. The product of the extremes of three quantities, geo- 
metrically proportional, is equal to the ſquare of the middle 


term. 


Cor. 2. Of four quantities geometrically proportional, any 
three being given, the fourth may be found, 


Ex. Let a, 6, c, be the three firſt; to find the 4th. Let it 
be x, then 4a b:: c: x, and by this propoſition, 
ax = be | 
3 be 
and dividing both by a, x = * 


This coincides with the Rule of Three in arithmetic, and may 
be conſidered as a demonſtration of it. In applying the rule to 


any particular caſe, it is only to be obſerved that the quantities 


muſt be ſo connected and ſo arranged that they be proportional, 
according to the preceeding definition. 


Prop. II. If four quantities be geometrically proportional, 
then if any equimultiples whatever be taken of the firſt and third, 
and alſo any equimultiples whatever of the ſecond and fourth; 
if the multiple of the firſt be greater than that of the ſecond, 
the multiple of the third will be greater than that of the fourth ; 
and if equal, equal; and if leſs, leſs, 

For let a, b, e, d, be the four proportionals. Of the firſt and 
third, ma and mc may repreſent any equimultiples whatever, 
and alſo, nb, nd, may repreſent any equimultiples of the ſecond 
and fourth. Since a :: c: d; ad be, and hence multiply- 


ing by un, mnad = mnix, and therefore (Conv. Prop. 1:) 
g by | ad they * 


(19) 

ma nh :: me: nd; and from the definition of proportionals 
it is plain that if ma is greater than ub, mc muſt be greater 
than nd ; and if equal, equal: and if leſs, leſs. 

Prop. III. If four quantities are proportionals, they will alſo 
be proportionals when taken alternately or inverſely, or by 
compoſition, or by diviſion, or by converſion. See det. 13, 14, 1 55 
16, 17, of book V. of Euclid. 


By Prop. II. they will alſo be proportionals according to Def. 
5. book V. of Euclid; and therefore this propoſition is demon- 
ſtrated by Propoſitions 16, B, 18, 17, E of the ſame book. 


Otkerwiſe algebraically. 
Leta:b::c: d, and therefore ad = bc. 


Altern. a1 c: 3: d 
Invert. 3: :: d: e 
Divid. a — 5: 5:2 c —- 4: d 
Comp. a+6b:b::c+d:4d 
Convert. a:: - 5:: 61042 4 
For ſince ad= bc, it is obvious, that in each of theſe caſes the 


product of the extremes is equal to the product of the means; 
the quantities are therefore proportionals, (prop. 1.) | 


— 


E H KA 


Of Equations in general, and of the Solu- 
tion of ſimple Equations. 


DEFINITIONS. 


I. A N Equation may in general be defined, to be a pro» 
poſition aſſerting the equality of two quantities; and 
is expreſſed by placing the ſign = between them. 


II. When a quantity ſtands alone upon one fide of an equation, 
the quantities on the other ſide are ſaid to be a value of it. 
Thus in the equation x=3 + d, x ſtands alone on 
one fide, and b+y -d is a value of it, 


III. When an unknown quantity is made to ſtand alone on one 


ide of an equation, and there are only known quantities 
C 2 on 


— 


” —— 
— — — 


If the higheſt power of) iſt, 


— . 
— 


— <—— i0i. <_— 
—__ — — 


(20 3 
on the other; that equation is ſaid to be reſolved; and the 


value of the unknown quantity is called a root of the equa- 
tion. | 


As the general relations of quantity which may be treated of 
in Algebra, are almoſt univerſally either that of equality, or ſuch 
as may be reduced to that of equality, the doctrine of equations 
becomes one of the chief branches of the ſcience. 

The moſt common and uſeful application of Algebra is in 
the inveſtigation of quantities that are unknown, from certain 
given relations to each other, and to ſuch as are known, and 
hence it 1s called the Analytical Art. 'The equations employed for 
expreſſing theſe relations muſt therefore contain one or more 
unknown quantities, and the principal buſineſs of this art will be, 
the deducing equations, eontaining only one unknown quantity, 
and reſolving them. . 


Def. 4. Equations containing only one unknown quantity and 


its powers, are divided into orders according to the higheſt 
power of the unknown quantity to be found in any of its 
terms. . x 
The Equati- Samples 


Puadratic, 


the unknown quan- C 2d, on is called 3 1, & 
U b,ο,q; XCs 


tity in any term be the J 3d, &c. 


But the exponents of the unknown quantity are ſuppoſed to be in- 
tegers, and the equation is ſuppoſed to be cleared of fractions in 
which the unknown quantity or any of its powers enter the deno- 
minators. Thus x + a = == is a ſimple equation; 3x — - 
= 12, when cleared of the fraction by multiplying both ſides by 


⁊& becomes 6x* — 5 = 12x a quadratic. x3 — 2K = x* — 20 


is an equation of the 6th order, &c. 

The ſolution of the different orders of equations will be ſue- 
ceſſively explained, the prelimininary rules in the following 
ſection are uſeful in all orders, and are alone ſufficient for the 
ſolution of fimple equations. 


SECT. I. Of fimple Equations, and their Reſolution. 


Simple equations are reſolved by the four fundamental ope · 
rations already explained; and the application of them to this 
purpoſe is contained in the following rules. 


Rule I. Any quantity may be tranſpeſed from one ſide of an 
 equatien io the other, by changing its ſign» 


Thus, ifz —10=2x +5 Then, 


=. WW Yv CY on -- Ps 


TY an 


— * 1 — r 
89 2 
8 


(21) 
Then, 3x—2x=10+5 or x =15 
Thus alſo, 5x +4 = a + 2x 
By tranſp. 3x = a b. 


This rule is obvious from prob. 1. and 2. and by it, all the 
terms of the equation which involve the unknown quantity, may 


be brought to one ſide, 


Cor. The ſigns of all the terms of an equation may be changed 


into the contrary ſigns, and it will continue to be true. 


Rule II. Any quantity by which the unknown quantity is multi- 
plied, may be taken away, by dividing all the other quantities 
of the equation by it, 


Thus, if ax =b 
b 


2.22 
4 ©% a 
Alſo, if mx + nb = am 
> 26 
x + 5 4 
For if equal quantities are divided by the ſame quantity, the 
quotients are equal. 


Rule III. Va term an equation is fractional, its denomina- 
tor may be taken away, by multiplying all the ather terms by it. 


5 
Thus; if — =b+c Allo, if a — e 


x = ab + ac ax —b = cx 
And by tranſp. ax —cx = 6 
b 
And by div. x = — 

For if all the terms of the equation are multiplied by the 
ſame quantity, it remains a true propoſition. Hence, if the un- 
known quantity 1s divided by any quantity, that quantity may 
be taken away. 


Corollary to the three laſt rules, 


If any quantity be found on both ſides of the equation, with 
the ſame ſign, it may be taken away from both. (Rule I.) 


Alſo, if all the terms in the equation are multiplied or divided 


by the ſame quantity, it may be taken out of them all. (Rule II. 
and III.) | 
Ex. 


—— 


— 
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producing ſimple equations are applicable to queſtions which 


(22 ) 
Ex. If zx Ta S +6, then 3x=86. 


If 2ax ++ 3ab = ma + a, then 2x + 3b = m +. 


3 4 = Ethen x —4 = 16 


Examples of fimple equations reſelved by theſe rules. 
I. 
If 3x +3=x+9 


„ Ie, 2X = 4 


R. 2. 42 22 
2 


II. 


If 5x — E+12= +26 
2h. 
R. 1. gx — = — =74 


R. 3. 30x — 15x — 8x = 84 
Or ax 2 84 
84 


r 222 12 
** 7 | 
III. 
8 : 
If * 7 2216 
R. 3. + 9 64 


1 20 5 SN 
. 2. a 
35 


ect. II. Solution of Queſtions producing Simple Equations. 


From the reſolution of equations we obtain the reſolution of 
a variety of uſeful problems, both in pure mathematics and 
phyſics, and alſo in the practical arts founded upon theſe 
ſciences. In this place, we conſider the application of it to thoſe 
queſtions where the quantities are expreſſed by numbers, and 
their magnitude alone is to be conſidered. 

The rules given in this ſection for the ſolution of queſtions 


Pro- 


(23) 
produce equations of any order. | ü 
When an equation containing only one unknown quantity 
is deduced from the queſtion by the following rules, it is ſome- 
times called a final Equation. If it be ſimple, it may be reſolved 
by the preceeding rules, but if it be of a ſuperior order, it mult 
be reſolved by the rules afterwards to be explained. The exam- 
= ples in this chapter are ſo contrived that the final equation may 
be ſimple. 
GENERAL RULE. 


The unknown quantities in the queſtion propoſed muſt be expreſſed 

* by letters, and the relations of the known and unknown quan- 
tities contained in it, or the conditions of it, as they are called, 
muſt be expreſſed by equations. Theſe equations being reſolved 
by the following rules, will give the anſwer of the gueſtion 


Thus if the ſum of two numbers ſought be 2 
60, that condition is expreſſed thus x + y = 60 


If their difference muſt be 24, then - * — 972 
If their product is 1640, then - - =- Xy=1940 


If their quotient muſt be 6, then - = = 6 


| If their ratio is as 3 to 2, then x: :: 3: 2, = 
and therefore g ; 5 H 
"XZ Theſe are ſome of the obvious relations; many others occur 
in queſtions, which cannot be deſcribed in particular rules; 
and the algebraical expreſſion of them muſt be left to the expe- 
rience and judgment of the learner. 
Caſe I, When there is only one unknown quantity to be found- 


Rule. An equation muſt be deduced frem the queſtion involving 
the unknown quantity (by the general rule] This equation 
being reſolved by the rules of the laſt ſection, will give the 
anſwer. | 

It is obvicus, that when there is only one unknown quantity, 

there mult be only one independent equation contained in the 

Naueſtion; for any other would be unneceflary, and might be 

FEontradictory to the former. 


'I EXAMPLE IL 

o find a number, to which if there be added, a half, a 
third part, and a fourth part of itſelf, the ſum will be 

= | | Let 


('24) 
Let it be z, then jhalf of it is — a third of it ., Kc. 
ta | 3 


Therefore, 2 + 2147 = 50 
242 + 122 ＋ 82 ＋ 62 = 1200 4 
E = 1200 9 
2 = 24. 
If the operation be more complicated, it may be uſeſul to 
regiſter the ſeveral ſteps of it, as in the following ? 


EXAMPLE II. 


Let his firſt ſtock beſr [z 
Of which he 
ſpends the firſt % |, __ 100 
year, 100 ]. and 

there remains | 
This remainder — 2 
18 increaſed by a |3 2 — 190 + — an x02 
third of itſelf 3 3 
The ſecond year an 128 

he ſpends 100 1. © [4 — ioo 222 2 

& there remains 3 


He increaſes the 5 WA | 2200 
i 5 (42 5 ＋ 429. 162 - 2800 


remainder by one 5 5 


third of it 
The third year he 6 16z — 2800 _ roc — 162 — 3700 | 
ſpends 100 1.and | 9 | 9 


| 


there remains 5 fy 2 \ 

He increaſes it = 37224 16z 3700 i 045 14800 | 
one third | L 27 27 

But at the end of ä 

the third year his (8 642 — 14800 3 

ſtock is doubled; 27 

therefore | 

By R. 3. 9 [64z — 14800 = 542 

By R. 1. 10102 = 14800 


By R. 2, [11]z = 1480 


(25) 
Therefore his ſtock was 148921. which being tried anſwers the 
conditions of the queſtion, a | 


| * Cafe II. When there are two unknown quantities. 


4» Rule: Tuo independent equations muſt be derived ſrom the gueſt» 
ion, involving the two unknown quantities. A value of one of the 
4 unknown quantities muſt be derived from each of the equations ; 
and theſe two values being put equal to each other, a new egua- 
tion vill ariſe, involving only one unknown quantity, and may 
therefore be reſolued by the preceding rule. | 


Two equations muſt be deduced from the queſtion ; for from 
one including two unknown quantities, no ſolution can be ob- 


* 4 tained ; more, than two would be unneceſſary or contradictory. 
4 EXAMPLE II. 


* Tuo perſons, A and B, were talking of their ages ;jays A 

= 70 B, Seven years ago I was juſt three times as old as 

ou were, and ſeven years hence I ſhall be juſt twice as 
old as you will be : I demand their preſent ages. 


Let the ages of A and- B be 
reſpeQively. ir andy 
Seven years ago they were 2x - 7 andy - 7 
Seven years hence they will be| 3x +7 and y ＋Æ 2 
Therefore by Queſt. and 2. | 4|x—7 =3 XY A e 2 
Alſo by Queſt. and 3. FIX +7T=2Xy +7=2y) +14 
By 4. and tranſp. 6x = 3y,— 14 
By 5. and tranſp. T\x=2y +7 
By 6 and 7. 813y —14=2y +7 
Tranſp. and 8. 99 = 21 
By o and 6, or 7. tox = 49 


The ages of A and B then are 49 and 21, which anſwer the 
conditions. | 


rue operation might have been a little ſhortened by ſubtracting 
che 4th from th, and thus 14 =— y + 35 and hence y = 21+ 
WF therefore (by 6th) x = (3y — 14) = 49- 


ESAMPLE IV. 


gentleman diſtributing money among ſome poor people, 
found he wanted 103. to be able to give 5 5. to each; 
therefore he gives each 46. only, and finds he has 55. 
left —To find the number F ſhillings and poor peapes ? ? 
oug 


\ 


( 26) 


Though there are two unknown quantities, the queſtion may I | 
be reſolved by only one letter. > 


Let the number of ſhillings be n 2 
The number of poor will be 7 10 
x 5 
The number of poor is alſo 3 on $ 
| 4 
By 2. and 3. =. 5+ 
SITE | 
Mult. 5552 — 25 42 +40, ® 
Tranſp. Ilz 265 


The number of ſhillings is 65, and the number of poor is 4 / 
(= = ) 15, which anſwer the conditions. Y 


EXAMPLE V. 


A courier ſets out from a certain place, and travels at the | 
rate of 7 miles in 5 hours; and 8 hours after, another 
ſets out from the ſame place, and travels the ſame road, 4 
at the rate of 5 miles in 3 hours: I demand how long 
and how far the firſt muſt travel, before he 1s overtaken 
by the ſecond * „ 


Let the number of hours) :, 1 

which the firſt travelled be 4 
Then the ſecond travelled |2}y 8 
The firſt travelled "wa 


miles in 5 hours, and 
therefore in y hours 

In like manner the ſecond 8 „ — 4 , 
travelled in y— 8 hours (3 558 52 miles 
But they both travelled the 7 ey — 40. 77 

fame number ot miles; s _—_ 7 5 


therefore by 3 and 4 | 
25) —200 = 21y 


S5:7:79:) Ee miles 


Mult. - ® * | — 6 
Tranſp. * — | 4y = 200 
OM - - 8 P = 80. 


The firſt then travelled 50 hours, the ſecond (y —8 =) 42 hours. 
The miles travelled by each (* — 3 = ). 


Caſe III. When there are three or more unknown quantities. 
* Rate i 


7 


\ 


1 (27) 
Y nule. When there are three unknown quantities, there muſt be 


three independent equations ariſing from the queſtion ; and from 
each of theſe a value M one of the unknown quantities muſt be 
obtained. By comparing theſe three values, two equations will 
ariſe involving only two unknown quantities, which may theres 
fore be reſolved by the rule for caſe 2. 


In like manner may the rule be extended to ſuch queſtions as 
as contain four or more unknown quantities; and hence it may 
be inferred, That when juſt as many independent equations may 


8 þ 1 4 = > ag 
be derived from a queſtion, as there are unknown quantities in it, 


—* 


Moth reduced 


4 
= 
4 
113 
= 
1 
1 
80 
1 
= 
iY 
2 


1 


equal to 34. 


From the 1ſt, » 


From the 2d, — 


From the zd, 
From 4th and 5th 


th reduced - 


th and 6th reduced 


{8 


3 


4 heſe quantities may be found by the preteeding rules. 
4 EXAMPLE VI, 


. ind three numbers, ſo that the firſt, with half the other 
two, the ſecond with one third of the other two, and the 
third with one fourth of the other two, may each be 


Let the numbers be x, y, 2, and the equations are 


10 2 


= 


2 


2 "= 34 
EH 


X= 130 —=4Zz—y 


re ge" 
152 — 170 = 272 — 2 
17z = 442 or z = 26 
1 =22andx=10 


E L. 


628) 5 9 

EXAMPLE vn. 9 

Were is a certain number conſiſting of three places, whoſe 3 

digits are in arithmetical proportion; if this number be 

divided by the ſum of its digits, the quotient will be 48; 4 

and laſtly, if from the number be ſubtradted 198, the 
digits will be inverted. | | 

Let the 3 digits beſ 1 *. , Z 

Ihen the number 


10 2{100X + Toy + 2 | 2 
If the digits be * 

inverted, it is 8 | 3]190Z + Ioy + x 4 
The digits are 7 

in ar. prop. C 4X FZ=2y 3 

therefore Hy 8 8; 2) 1 

5 ioo x + 1oy T2 | 
By queſtion 5 EE... = 48 | | 
By queſtion 6|t00x + 109 +z —198 = 100z+10y + Xx : 
From 6 and tranſ. { mp = 99z + 198 4 
— by 99 g 4 ” 5. 
3 10 —Z=2Zz+2 
Tranſp. b Z ＋ 
Mult. g. 121 Oo + 10% + 2 = 48x + 48y + 48z 
Tranſp. 13 52x 38 +472 
8 and 11 ſubſtit. pn 28 2 
et $1 522 + 104 382 + 38 +47 
Tranſ. 8 332 = 66 
Divid, 19 22 2 
| y=(z+1) 3 
XxX = (2 + 2 =) 4. 


The number then is 432, which ſucceeds upon trial. 
Cerollary to the preceeding rules. 


It appears, that in every queſtion, there muſt be as many 
independent equations as unknown quantities; if there are not, 
then the queſtion is called indeterminate, becauſe it may admit 
of an infinite number of anſwers z ſince the equations wanting, 
may be aſſumed at pleaſure. There may be other circumſtances ml 
however, to limit the anſwers to one, or a preciſe number, and 
which, at the ſame time, cannot be — expreſſed by equati- 1 
ons. Such are theſe; that the numbers m 5 


(290 
cubes, and many others. The ſolution of ſuch problems, which 
are alſo called Diophantine, ſhall be conſidered aſterwards. 
SCHOLFUM 

On many occaſions, by particular contrivances, the opera- 
tions by the preceeding rules may be much abridged, This 
however, muſt be leit to the ſkill and practice of the learner. 
A few examples are the following. | | 


t. It is often eaſy to employ fewer letters than there are un- 
known quantities, by expreſſing ſome of them from a ſimple 


relation to others. Thus, the ſolution becomes more eaſy and 


* 


elegant. (See Ex. 4, 5.) ä | 

2. Sometimes it is convenient to exprels by letters, not the 
unknown quantities themſelves, but ſome other quantities 
connected with them, as their ſum, difference, &c. from which 
they may be eaſily derived. (See Ex. 1. of chap. 5.) 

3. In the operation alſo, circumſtances will ſuggeſt a more 
eaſy road than that pointed out by the general rules. Two of 
the original equations may be added together, or may be ſub- 
tracted ; various ſubſtitutions may be made, &c, which will 
render the ſolution much leſs complicated. (See Ex. 3. and 7.) 


— — — 8 11 
- 


CHAP, II. Parr I. 
General Solution of Problems. 


| is the ſolutions of the queſtions in the preceeding part, the 
given quantities (being numbers} diſappear in the laſt con- 
cluſion, ſo that no general rules for like caſes can be deduced 
from them. But if letters are made to denote the known quanti- 
tis, as well as the unknown, a general ſolution may be obtained, 
becauſe, during the whole courſe of the operation, they retain 
their original form. Hence alſo the connection of the quantities 
will appear in ſuch a manner as to diſcover the neceflary limi- 
tations of the data, when there are any, which is eſſential to the 
perfect ſolution of a problem. From this method too, it is eaſy 
to derive a ſynthetical demonſtration of the ſolution, 

When letters, or any other ſuch 1ymbols, are employed to 


; 4 | expreſs all the quantities, the algebra is called /pecious ot 


lite ral. 
E X- 


= 


(30) 


EXAMPLE VIII. 
To find two numbers, of which the ſum and difference 


are given. 


Let s be the given ſum, and d the given difference. Alſo, 
let x and y be the two numbers ſought. 


Z 

* 

= 
=. 
e 

E 


Thus let the given ſum be 109, and the difference 24 | 
Then x = (ST 62 and „(E);. 
; E 2 2 2 2 | | 

In the ſame manner may the canon be applied to any other 
values of s and d. By reverſing the ſteps in the operation, it is 
eaſy to ſhew, that if x =* and 72 me ſum of x and 
y muſt be 4, and their difference d. 


EXAMPLE IX. 


If A and B together can perform a piece of work in the 
time a, A and C together in the time b, ard B and C 
together in the time d, in what time vill each of them 
perform it alone? 


Let the time in which 4 performs it be x, B in y, and C 
in 2, then as the work is the ſame in all caſes it may be repre» 
Znted by unity”, © © © IN 


[ (x: 1 =I. 1matay 
My $1570) —=, : i in a days 
| (x: 1: 30 A in b days 
462 71 1 cut dap 
By che queſtion 4 ge : 1::0:)== [4 B in e days 
N 0 1262 be Len ed 
e eee 
| = +> = 1 and 55 + 0x = x8 
! 95 1 and cz + CY = 2 
Mult, qth by e. [ro == be 
Mule. 8th by uf} + =ac 
Mult. gth 17 5 „ 
Add 19th, 1 1th, 0 13 e 2ake = le +8c + ab 
"= 3th ſubt. twice], , —= * =—— 
W r. F- ke4ab—ac & N TE 55 
ep” ſubt. twice |= ded armah & xn * 


Exampla in numbers let a = 8 days b 9 days and c = to, then 
X 214 795 = 17 3, and 2223 27 It appea 18 likewiſe that 
a, b, c, muſt be ſuch, that the product of any two of them muſt 
be leſs than the ſum of theſe two multiplied by the third. This 
is neceffary to give poſitive values ofex, y, and z, which alone 


8 


ean take place in this queſtion, | 
- E X. 


(632) OY 

8 25 "EXAMPLE X. 1 
In queſtion 5th, let the firſt courier travel p miles in g 
hours ; the ſecond r miles in 8 hours ; let the intervat 
between their ſetting out be a. 3 
2 Then by working as formerly. 


4 ; gra 


=. particular values be inſerted for theſe letters, a particular NY 
ſolution will be obtained for that caſe, Let them denote the 
numbers in Example 5. 1 


Then x — 0 80. 
„ FHI—=TX3 - 4 F 

Here it is obvious, that gr muſt be greater than ps, elſe the 
problem is impoſſible ; for then the value of x would either be 
infinite, or negative. This limitation appears alſo from the na- 
ture of the queſtion, -as the ſecond courier muſt travel at a | 
greater rate than the firſt, in order to overtake him. 


| . 
/ Inoolution and Evolution. 


6 2 


N order to reſolve equations of the higher orders, it is neceſſa- 
ry to premiſe the rules of iNvoLUTION and EVOLU TION- 


LEMM A. 


The reciprocals of the powers of a quantity may be expreſſed 
by that quantity, with negative exponents of the tame denomina. 
” Hh 8 7 1 1 1 % 
tion. That is, the ſeries a, 1, => — 5 7 &c. may be 4 
expreſſed by a”, a, a=", 4, 42—3, a=", &c. | 3 
For the rule for dividing the powers of the ſame root was 
to ſubtract the exponents ; if then the index of the diviſor be 
greater than that of the dividend, the index of the quotient mult 


be negative. 


Thus, — = 9% 2 4. Alſo, — r. 
: as e a a 


— 


— 


> IE 


* * 


( 33) 


a ate? = g. And, 2 = 1. and fo on of others.” 


v7 Cor. 1. Hence any quantity which multiplies either the nu- 
2X merator or denominator of a fraction, may be tranſpoſed from 
the one to the other, by changing the ſign of its index. 

fs a*x a* 


Cor. 2. From this notation, it is evident that theſe negative 
8 as they are called, are multiplied by adding, and divided 
y ſubtraQting their exponents. | | | 


Thus, a— X a= = a—?, 


0 1 || I 


a= * a 
3 — — 2. 
= On r 705 855 


N I. Of Involution. 
To find any power of any quantity, is the buſineſs of Inve; 


lution. 
Cafe I. When the quantity is ſimple. 


Rule. Multiply the exponents of the letters by the index of tha 
power required, and raiſe the coefficient to the ſame power. 
Thus, the 2d power of a, is a a 

The 3d power of 247, is 8a = 8a 
The 3d power of 3ab3, is 274*x*b3x3 = 2749. 
For the multiplication would be performed by the continued 
addition of the exponents; and this multiplication of them is 


equivalent. The fame rule holds alſo when the ſigns of the ex- 
ponents are negative, 


Rule for the Signs. 


If the ſign of the given quantity is +, all its powers muſt be po» 
fitive. If the ſign is —, then all its powers whoſe exponents 
are even numbers, are peſitive ; and all its powers whoſe e- 
ponents are odd numbers, are negative. 


This is obvious from the rule for the ſigns in multiplicatjon. 
It implies the moſt extenſive uſe of the ſigns + and —. : 


Cafe II. When thęquantity is compound. 
os: E Rule; 


(346) - 
Rnle. The powers muſt be found by a continual multiplication of 
it by itſelf, L 
Thus, the ſquare of x + is found by multiplying it into 
| 3 | 
- Itſelf, The product is x* + ax + I* The cube of x += is 
got by multiplying the ſquare already found by the root, &c. 
Fractions are raiſed to any power, by raiſing both numerator 
and denominator to that power, as is evident from the rule for 
multiplying fractions, in chap. 1. p. 2. We | 
The involution of compound quantities is rendered much ea- 
ſier by the binomial theorem; for which, ſee chap. VI. 


Note. The ſquare of a binomial confiſts of the ſquares of the | | | 


two parts, and twice the product of the two parts. 


II. Of Evolution. 


Evolution is the reverſe of involution, and by it powers are 
reſolved into their roots. r 


Def. The root of any quantity is expreſſed by placing beſore 


it / (called a radical fign) with a ſmall figure above it, de- 5 


noting the denomination of that root. 
Thus, the ſquare root of a, is JE or a 
The cube root of bc, is 7 
; | The 4th root of a*% — x, 1s 2 | 
The mth root of c* — dx, is FEE 


General Rule for the. Signs, 


1. The rect of any poſitive power may be either poſitive or nega- 


tive, if it is denominated by an even number; if the root is de- 
nominated by an odd number, it is poſitive only. 1 
2. If the power is negative, the root alſo is negative, when it is 


: — 


deneminated by an odd number. | 


3. If the power is negative, and the denemination of the root even, 1 


then no rort can be affigned. 


I) bis rule is eafily deduced front that given in involution. In 4 | 
the laſt caſe, though no root can be aſſigned, yet ſometimes it 


1s 


4 
=. 
q 


>” . 


(35) ; 


is convenient to ſet the radical ſign before the negative quan- 


. tity, and then it is called an impeſſible or imaginary root. 


The radical fign may be employed to expreſs 8 of any 
quantity whatever, hut ſometimes the root may be accurately 
found by the following rules, and when it cannot, it may often 
be more conveniently expreſſed by the methods now to be ex- 


plained. baby h | 

| Caſe I. When the quantity is ſimple. 

Rule. Divide the exponents of the letters by the index of the root 
required, and prefix the root of the coefficient. 


1. The exponents of the letters may be multiples of the in- 
dex of the root, and the root of the coefficient may be extracted. 


Thus the ſquare root of a. = af = a? 
8 6. 
*M 274% = 347 = 3a 
ah” =a % = ab? 
2. The exponents of the letters may not be multiples of the 
index of the root, and then they become fractions: and when 
the root of the coefficient cannot be extracted, it may allo be 


expreſſed by a fractional exponent, its original index being un- 
deritood to be 1. | | 2 ae 


Thus, / 16436" = 4a3b 


Val = Wala 37 7 X a7 . 


As evolution is the reverſe of involution, the reaſon of the 
rule is evident. 


The root of any fraction is found by extracting that root out 
of both numerator and denominator. 75 


Caſe II. When the quantity is compound. 
1. To extract the ſquare root. 
R U . 


7 1. The given quantity is to be ranged according to the powers of 


the letters, as in diviſion. 
Thus, in the example a* + 2ab + , the quantities are ranged 


in this manner. 


2 The ſquare reot is to be ex traded out of the firſt term, (by pre- 
| : ceed- 


3 
* 


(36) 


6zeding rules) whith gives the firſt part of the root ſought. Sub- 
tract its ſquare from the given quantity, and divide the firft term 
of the remainder by double the part already found, and the quo- 
tient is the ſecond term of the root. 
Thus, in this example, the remainder is 246 +6* ; and 2a6 
being divided by 2a, the double of the part found, gives + 6 for 
the ſecond part of the root, 


3. Add this ſecond part to double of the firſt, and multiply their 
ſum by the ſecond part : ſubtract the product from the laſt re- 
mainder, and if nothing remain, the ſquare root is obtained. But 
if there is a remainder, it muſt be divided by the double of the 


parts already found, and the quotient would give the third part 
of the root : and ſo on. | 


In the laſt example, it is obvious, that a+ 6 is the ſquare root 


| ſought. ; 


The entire operation is as follows. 
a* + 2ab + 4; +6 


a 
24 TMT 246 + 6* 
* 0 2ab + b* 


The reaſon of this rule appears from the compoſition of a ſquare? 
2. To extract any other root. 


Rule. Range the quantity according to the dimenſions of its let- 
ters, and extraft the ſaid root out of the firſt term, and that ſhall 
be the firſt member of the rot required. Then raiſe this root to 
a dimenſion lawer by unit, than the number that denominates the 
root required, and multiply the power that ariſes, by that num- 
her itſelf: divide the ſecond term of the given quantity by the 
product, and the quotient ſhall give the ſecond member of the root 
required. In like manner are the other parts to be found, by 

conſidetinꝶ thoſe already got as making one term. 1 
ug 


(37) 
Thus the fifth root f 101 20 
a5 + 54% ＋ 10 + 104*b3 + gab! +6b* (4 +b. 
1 | 


Ly 


ga* ) ga 


And a+ b raiſed to the ↄth power is the given quantity, and 
therefore it is the root ſought, 


1 In evolution it will often happen, that the operation will not 
terminate, and the root will be expreſſed by a ſeries. 


Thus the ſquare root of a + ** becomes a ſeries. 


wo 6 
1s 2 0 - * & 
4 a x? 4 —  — __— — Co 
4 enn 2a 8 lG 
x? 
24 + = )# + x* 
24 


a 845 4a* 
* x) * 4. 2 
8a: / za 8a* Ga 
e 
#T+T— Gags 
&c. 


I *% The extraction of roots by ſeries is much facilitated by the 
binomial theorem, By ſimilar rules are the roots of numbers 
to be extracted. 


Y 12 
&% - 


III. Of Surds. 


Def. Quantities with fractional exponents are called Surds or 
Inperfect Powers, 


Such quantities are alſo called irrational, in oppoſition * * 
chers with integral exponents, which are called rational, 


| Surds may be expreſſed either by the fractional exponents, or 
4 by the radical ſign, the denominator of the fraction being its 


index; and hence the orders of ſurds are denominated from this 
index. t DE ATTY oy In 


a_ — 


| (38) 
In the following operations however, it is generally conve- 
nient to uſe the notation by the fractional exponents. 


* 1 
aT= VT Vaab = aba · Haid Sal bi. 


The operations concerning ſurds depend on the following 

principle If the numerator and denominator M a fractional expo- 

nent be both multiplied or both divided by the ſame quantity, the 

value of the power is the ſame. Thus «7 = a7; for let * = b 

then a” = be and a" = zec and extracting the root nc, ＋ 
nc | | = | 2222 


— U — 3 f 
Lem. A rational quantity may be put into the form of a ſurd, 
by reducing its index to the form of a fraction of the ſame value. 


Thus a = a*= Va 


= of =? a 2 2 
Prob. I. To reduce ſurds of different denominations to 
others of the ſame value, and of the ſame denomination. 
Rule. Reduce the fractional exponents to others of the ſame value 
and having the ſame common denominator. L 
Ex. Va, Vb or 45, 47 
but a = ad and 55 = 16. 
therefore Va, and d are reſpectively equal to ar and 
—- | 
Prob. II. To multiply and divide ſurds. . 
1. When they are ſurds of the ſame rational quantity, add and 
ſubtract their exponents. 
Thus, a? x af 2 4a = g'*= 2 


a att 

% Ov 

2. If they are ſurds of different rational quantities, let them be 
brought to athers cf the ſame denomination, if already they are 


nat, by prob. 1. Then ty multiplying or dividing theſe ratimal 
| 'F | quan- 


— 


re 
al 


6399 
quantities, their produkt or quotient may be ſet under the cm- 
mon radical gn. 2 Fl 5 | : | 
Thus /a x rA . 


r* d . 
If the ſurds have any rational coefficients, their product or 
quotient muſt be prefixed. Thus / n x n = ab mp 


Cor. If a rational coefficient be prefixed to a radical fign, it 
may he reduced to the form of a ſurd by the lemma, and multiplied 
by this problem; and converſely, if the quantity under the radi- 
cal ſign be diviſible by a perfect power of the ſame denomination, 
it may be taken out, and its root preſixed as a coeſſicient. 


ay, V 2. "1/82. 
Conv. V = aby/b; , = = 241 — 26. 

Even when the 2 the radical ſign is not divifible 
by a perfect power it wa e uſeful ſometimes to divide ſurds into 
their component factors by reverſing the operation of this problem. 
Thus /23 = va X vb, *V/&b — bx* ="v/ja — bx x *v/ af 

BIN VX "Warts. N 
Prob. III. To involve or evolve ſurds. 

This is performed by the ſame rules as in other quantities, by 
multiplying or dividing their exponents by the index of the power, 
or root required. 5 | 


SCHOLIDM 


If a member of an equation be a ſurd root, then the equation 
may be freed from any ſurd by bringing that member firſt to 
ſtand alone upon one fide of the equation, and then taking away 
the radical ſign from it, and raiſing the other fide to the power 


denominated by the ſurd. 
This operation becomes a neceſſary ſttp towards the ſolution 


of an equation, when any of the unknown quantities are under 
the radical ſign. 
Example, If 3% =7* +2y =a+7y 


Then 34/x* —a* =4a—y 


and 9 X xi a = 209 +7 


(4) 
If the unknown quantity be found only under the radical ſign 


and only of the firſt dimenſion, the equation will become 


ſimple and may'be reſolved by the preceeding rules, 


Then, 34/4x + 16 =4 
And 4x + 16 = 64 
4x = 48 
And, x = I2 
If % X — bx = a | . 
Then, ax — Bx 20 
a * 


r 


If the unknown quantity in a final equation has fractional ex- 


ponents, by means of the preceeding rules, a new equation 


may be ſubſtituted in which the exponents of the unknown 
quantity are integers. | | 
Thus, if 2 + 325 10, by reducing the ſurds to the fame 


denomination it becomes * + 375 = to; and if 2 xT then 234 

3 z*=10, and if this equation be reſolved from a value of z a va- 

ue of x may be got by the rules of the next chapter. Thus alſo if 
5 1 


* T2 312 100. If xT = 23 this equation becomes 26 
the ſurds to the ſamedenomination 1725 + x 2 = a, and if 


7 z then the equation is 2” + 29” = a in which the ex · 
ponents of z are integers, and z being found x-is to be found from 


x 2 
the equation 77 = 2, VIZ, x A. 


. 
Quations were divided into orders according to the higheſt 
E index of the unknown quantity in any term. (Chap. III.) 
Equations are either pure or adfected. | 


Def. 1. A pure Equation, is that in which only one power of 
the unknown quantity is found 2 


(41) 
23 An adfected Equation, is that in which different powers ok 
th e unknown quantity are found in the ſeveral terms, 
Thus, a* + ax = 53, ax - = m + x* are pure equations* 
And x —ax = , x3 + x* = 17, are adfected. S 


I. Solution of pure Equations, 


Rule. Make the power of the unknown quantity, to land alme 
by the rules formerly given, and then extract the root of the 
fame denomination out of both ſides, which will give the value of 


the unknown quantity. Re” | 
EXAMPLES, 
If a* + ax* = þ3 axn - I= Xx 
ax 3 — az ax" - X O — o 
- * om x* 20 ns 
4 a ai 
a * b3 — a” 15 88 = 
1 x ** | W: | | 
ar 2 1 b—c 
* . " » 4 2 1 r 
c The index of the power may alſo be fractional ; as in the laſt 
. example m may be any number whatever. Let m = +, then as 
is before, n 
7 F e 
5 & =xt = 
; | 1 $ =, 2 
8 And x 2 - 2 ns 
a—1 a — 24 +. 1* 
if Sometimes different powers of the unknown quantity are 
found in the equation, yet the ſeveral terms may form on one 
* fide a perfect power, of which the root being extracted, the 
n eq uation will become ſimple. | 


Thus, if x3 — 12x* + 48x = 98. It is eaſy to obſerve that 
x3 — 12x* + 48x — 64 = 34; forming a complete cube, of 
which the the root being extracted, x — 4 =3 v 34: And x= 4 


+l 34 ö 
E X AMP LE I. 
ſt To find four continued proportionale, of which the ſum of 
) the extremes is 56, and the ſum of the means 24. 
| Torefolve the queſtion in general terms, let the ſum of the 
of extremes be a, the ſum ofthe means þ, and let the difference of the 


EX = 


( 42 ) 


extremes be called z, and the difference of the means y3 Then 
by Ex. 8. Chap. 2. | 


The proporti-| 4 f 2 b+y,b—y,a—z. 


_— 20 ＋ Z : 6149: 6-5: 4 — 2 
From the three | 
grſt | 3jab — ap b — zy = 6* + 2by + 34 


* three 4023 + ay Re — 27 — * 2b + 95 


za added to th 5 246 — 2zy = 2b* + 2 


* _ * 60262 — 2ay = 45 


6th reduced | 75 — 2 +07 
th ſubſt. for 


ö 3 
zin h 82 L=. + 25 
Tranſp. and di- 
vide 8th by— * — 65 = 3by* + ay* 
| 
3 2 
= and y = — 
In numbers 10 = Fa- =24 ML 
3 30 ＋ 118 
[*2\* = —E*xy = 52 


Hence the four proportionals are 54, 18, 6, 2; and ir ap- 
pears that b muſt not be greater than a, otherwiſe the root becomes 
impoſſible, and the problem would alſo be impoſſible ; which li- 
mitation might be deduced alſo from prop. 25. 5th of Euclid. 


Il. Solution of adfected Quadratic Equations. 


An adfeCted quadratic equation, (commonly called a quadratic) 
involves the unknown quantity itſelf, and alſo its ſquare : It may 
be reſolved by the following | 

. | 
1. Tranſpeſe all the terms involving the unknown quantity, to 
one fide, and the knewn terms to the other; and fo that the 
term containing the ſquare of the unknown quantity may be 

Poſitive. 5 
2. 1f the ſquare of the unknown quantity is multiplied by any 

| co- 
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evefficient, all the terms of the equation are ts be divided by it, 
fo that the coefficient of the ſquare of the unknown quantity may 
be 1. | 
3. Add to both ſides the ſquare of half the coefficient of the un- 
known quantity itſelf, and the fide of the equation involving 
the unknown quantity, will be a complete ſquare. | 
4. Extract the ſquare root from both ſides of the equation, by 
which it becomes ſimple, and by tranſpoſing the above mentioned 
half coefficient, a value of the unknown quantity is obtained in 
known terms, and therefore the equation is refelved. 
The reafon of this rule is manifeſt from the compoſition of the 
{quare of a binomial, for it confiſts of the ſquares of the two 
parts, and twice the product of the two parts. (Chap. IV.) 
The different forms of quadratic equations being reduced by 
she firſt and ſecond parts of the rule, are theſe ; 


x PRE + ax =6b* 
2. X* —= ax 2 


Caſe 2. Xx — ax = 6 


Caſe 3. & —ax=— b* 


Of theſe caſes it may be obſerved ; BY That 


(44) 

That if the ſquare root of a poſitive quantity may be either 
poſitive or negative, according to the moſt extenſive uſe of the 
figns every quadratic, equation will have two roots, except ſuch 
of the third form, whoſe roots become impoſſible. 

2. It is obvious, that in the two firſt forms one of the roots 
muſt be poſitive, and the other negative. 


3. Inthethicd form, if 5 or the ſquare of half the coeſſicient 


of the unknown quantity be greater than 6, the known quanti- 
ty; the two roots will be poſitive, It 4 be equal to 52, the 


two roots then become equal. 
But if in this third caſe, = is leſs than 6*, the quantity un- 


der the radical ſign becomes negative, and the two roots are 
therefore impoſſible, This may be eafily thewn to ariſe from an 
impoſſible ſuppoſition inthe original equation. 

4+ If the equation however, expreſs the relation of magnitudes 
abſtractly conſidered, where a contrariety cannot be ſuppoſed to 
take place; the negative roots cannot be of uſe, or rather there 
are no ſuch roots; for then a negative quantity by itſelf is unin- 
telligible, and therefore the ſquare root of a poſitive quantity 
muſt be poſitive only. Hence, in the two firſt caſes, there will 
be only one root; but in the third, there will be two. For in this 
third caſe, x —ax=—#?, or, ax — x* = b*, it is obvious, that 
x may be either greater or leſs than 34, and yet ax — x* be equal 
to a given poſitive quantity 5: therefore the ſquare root of x* — 
ax +a: may be either x = Aa or, za — x, and both theſe quan- 
tities alſo poſitive. | | 


Let then x—£ = Habe and 4 H. All 
* =o 4 5 and . b 0 


1 z FAN 
let * Y 2 —porx= — / . and theſe are 
4 = 4 | 


the ſame two poſitive roots as were obtained by the general rule. 

The general rule is uſually employed even in queſtions where 
negative numbers cannot take place, and then the negative roots 
of the two firſt forms are neglected. Sometimes even, only one of 
the poſitive roots of the third caſe can be uſed, and the other may 
be excluded by a particular condition in the queſtion. When an 
impoſſible root arifes in the ſolution of a queſtion, and if it be 
relolved in general terms the neceſſary limitation of the data, 
wal be diſcovered, | 2517 | 

When 
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When a queſtion can be ſo ſtated as to produce a pure equa- 
tion, it is generally to be preferred to an adfected. Thus the 
queſtion in the preceeding ſection by the moſt obvious notation 
would produce an adfected equation. 


II, Solution of Queſtions producing Quadratic Equations. 


The expreſſion of the conditions of the queſtion by equations, 
or the ſtating of it, and the reduction likewiſe of theſe equations, 
till we arrive at a quadratic equation . involving only one un- 
known quantity and its ſquare, are effected by the ſame rules 
which were given for the ſolution of ſimple equations, in Chap. 


III. 
EXAMPLE II. 


One lays out a certain ſum of money in goods, which bs 
fold again for 24 l. and gained as much per cent, as 
the goods coſt him: I demand what they coſt him? 


If the money laid out be t 

The gain will be [24 — y 

But this gain 1s 2400 — 100y 
(y:24-9 :: 100: ) Py per Cone. 
2400 — 100 
Therefore by queſtion}4|Y = 2 7 2 


— — 


: +100y = 2409 


And by mult, and tr. | 3 -_ 
y* ＋ 100y + 50 * 2400 +2500 =4909 


Completing the ſquar 


Extr. the root 70 + 59= = 4/4900 =70 
Tranſp. - <t Py ===70 — 50 20 or — 120. 


The anſwer is 261. which ſucceeds. The other root, . 20, has 
no place in this example. 


Any quadratic equation may” be reſolved alſo by the general 
canons at the beginning of this ſection. That ariſing from this 
ueſtion, (Ne 5.) belongs to caſe, I. and a=100, b* = 2400, 
terefore, | 


= [in 45 AT TK : F * = 0 
J ( p =/© +4 =) * | Dan 20 
or — 1 20 as before. 

EXAMPLE III. 


What two numbers are thoſe, whoſe difference 15 15, and 
. half of whoſe product is equal to the cube of the as 


PA 


Let the leſſer number beſiſæ 


The greater is 2 +15 
By queſtion 3/8 +455 3 
Divide by x and mult, by 2 4/x +15 S2x 
th d —— 
Ath prepare 5 _ - 
Complete ſquare — fn lf; 7 _ 231 
, * 7 * 16 2 * 16 
Ext. J. n Ix L 2 
4 4 
tranſp· 8 5 
* 36 — 


| | 
The numbers therefore are 3 and 18, which anſwer the con - 
. This is an example of caſe 2d, and the negative root 
18 u - 5 b 


EXAMPLE IV. 
To find two Numbers whoſe ſum is 100, and whoſe product 


16 2059. 
Let the given ſum 100 r a, the product 2059 = 6, and let one 
of the numbers ſought be x, the other will be a— x. Their 


product is ax — & 


Therefore by queſtion Tax — x*=borx* —ax=—b 
Complete the ſquare ' fz“ 4 += * 25 0 I 
RE: * 2 = 24 
Tranſp. FA = _ 

And the other nnmber ＋. ——6 5 


y inſerting numbers x= 71 or 29 and a —x= 290r 71 ſo 
that the two numbers ſought are 71 and 29. i 
Here it is to be obſerved that ù muſt not be greater than— elſe 


the roots of the equation would be impoſſible, that is, the given 
product muſt not be greater than the ſquare of half the given 
tum of the numbers ſought, This limitation can eaſily be 
ſhewn from ather principles, for the greateſt poſſible product of 


two 


ww FU 4y.y oo FM, 
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two parts, into which any number may be divided, is when each 
of them 1s a half of it. If 6 be equal do there is only one ſo- 


Jution and x = © alſo a — x= ©. 
| 2 2 


EXAMPLE V. 


There are three numbers in continual geometrical prop rtion : 
the ſum of the firſt and ſecond is 10, and the I B.renes 
of the ſecond and third is 24. What are the numbers? 


Let the firſt be 10% * 
The ſecond will be 12110 — Z 
And the third 334 — 2 
Tan 1210 — 2:34 — 5 2 — 20 · ＋ 100 = 34z—2* 
7 . 1 12Z* — 542 = — 100 
Divid. 62 — 272 — 50 
3 27 As by /... 0 = $29 
Compl. the ſquare 7 nee 1 
* 2 __ 
Extract the y/ _ 2 £2 * 7 xy 
2 2 
Tranſp. * 4 > W bak 


'Tho' the preceeding equation is of the third form, yet the data 
in this queſtion cannot be ſo related as to make the roots im. 
poſſible. For if the given numbers 10 and 24 be expreſſed by 
a, and b, the equation in ſtep 6th will be z * — 2 X 2 


— 2 and whatever be the values of @ and b, 3240 'viz. the 
2 > | 


ſquare of half the coefficient of z will always be — than 
- and even if 6 was o, yet ſtill Az is greater than *— | 

7 2 

But tho! there are two poſitive roots in this equation, yet one 
of them only can here be of uſe, the other being excluded by a 
condition in the queſtion. For as theſum of the firſt and ſecond 
is 10, 25 cannot be one, of them: 2 therefore is the firſt, and 
the proportionals will be 2, 8, 32. 

This reſtriction will alſo appear from the explanation given of 
the third form to which this equation belongs. For z may be 


Jeſs than 2 but from the firſt condition of the queſtion it cannot 


be 


— — — 
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be greater; hence the quantity z* — 272 +N. can have only 


one ſquare root, viz. 2 — Z and this being put equal to 7 529 


. 1 
ve have by tranſpoſition z = 8 which gives the only 


juſt ſolution of the queſtion. 

From the other indeed a ſolution of the queſtion may be re- 
preſented by means of a negative quantity. If the firſt then be 
25, the three proportionals will be 25, — 15, 9. Theſe alſo it 
is obvious, muſt anſwer the conditions, according to the rules 
given for negative quantities. | 

Beſides it is to be obvſerved that if the following queſtion be 
propoſed to find three numbers in geometrical proportion ſo 
cc that the difference of the iſt and 2d may be 10, and the ſum 
« of the 2d and zd may be 24 :” The equation in ſtep 6th, will 
be produced: for if the 1ſt be 2, the 2d is z — 10, and the 3d 
34 — Z and therefore 34z — 2* = z2* — 20z + 100 the very 
fame equation as in ſtep 4th. In this queſtion it is plain that the 
root 25 only can be uſeful, and the three proportionals are 25, 
155 9. 

Tho? the preceeding queſtions have been fo contrived that the 
anſwers may be integers, yet in practice it will moſt commonly 
happen that they muſt be ſurds. When in any queſtion the root 
of a number which is not a perfect ſquare is to be extracted, it 
may be continued in decimals, by the common arithmetical rule, 
to any degree of accuracy which the nature of the ſubject may 


require. | 
»SCHOLIUM. 


An equation in the terms of which, two powers only of the 
unknown quantity are found, and ſuch that the index of the one is 
double that of the other, may by the preceeding rules be 
reduced to a pure equation, and may therefore be reſolved by 
Sect. I. of this chapter. ; 8 

Such an equation may generally be repreſented thus, 

r 

Let x" =z, then 2* az === 6" 


And x” SA /© jo 
4 


m £24 / 2 
Therefore * F 4 == T4 = bs 


(49) 


ö "EXAMPLE XV. 

: To find two numbers, of which the product is · ioo, and 
: the difference of their ſquare rods 3. 

y Let the leſs be x the greater is | 1100 

x 
By queſtio T5 

8 y queſtion TE. ET 

© vx | 

= 3. — 3x = zus 

1 
4% +3x*=10 
F 5% +3X* + 2. = 104 = 
” | 4 14 4 
L 
f Teen and x =2 - 
d D 2 * * r 3 
4 If = 4the other number is 25, and this is the proper ſo- 
5 lution for x was fuppoſed to be the leaſt. In this eaſe indeed the 
1 negative root of the equation gives a poſitive anſwer to the queſ- 
tion, and if x = 25, the other number 184. a 

bs The ſame would have been got by ſubſtituting in the genera 
ul theorem, m _- hb = 35 and * = 10. ' 
it be Lo 
ey 


y 6 


LGEBRA may be employed for the demonſtration of Theo- 


ne rems with regard to all thoſe quantities concerning which it 
0 may be uſed as an analyſis, and from the general method of nota- 
be tion and reaſoning, it poſſeſſes the ſame advantages in the one as 


by in the other. The three firſt ſections of the following chapter 
contain ſome of the moſt ſimple properties of ſeries which are 
of frequent uſe ; and the laſt, miſcellaneous examples, of the pro- 
perties of algebraical quantities and numbers, | 


I. Of Ariibmetical Series. 
Def. When a number of quantities increaſe or decreaſe by 


the ſame common difference, they form an Mrithmetical 
X. * ag 1 * 1 
Serie . G Thus 
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Thus, a, 4 ＋ ö, a + 26, 4 + 3h, &c. x, x b, x — 2b, Kc. 
Alſo 1, 2, 3, 4» 5, 6, &c. And 8, 6, 4, 2, &c. 


Prop. In an arithmetical ſeries the ſum of the firſt and laſt 
terms is equal to the ſum of any two intermediate terms equally 
diſtant from the extremes, | 

Let the firſt term be a, the laſt x, and b the common dif- 
ference; then a will be the ſecond, and x — 6 the laſt but 
one, &c. 


Thus, a, a +6, a ＋ 2, a + 3b, a + 46, &c. 
| Xz xX—b, x - 26, Xx — 3b, X — 4b, &c. 


It is plain, that the terms in the ſame perpendicular rank are 
equally diſtant from the extremes, and that the ſum of any two 
in it is a +x, the ſum of the firſt and laſt. 


Cor. t. Hence the ſum of all the terms of an arithmetical 
ſeries is equal to the ſum of the firſt and laſt, taken half as eſten 
as there are terms. 4 . 

Therefore if n be the number of terms, and s the ſum of the 


o —— N 4 
ſenes; ;z=a + xXx — If a So, then 5 ==. 


Cor. 2. Since x muſt be a+, — 1 X 6, ö being the common 


difference, hence alſo, s 24 +1 —1X bx and by multi- 


plication, 5=227 +16 — 9. "Therefore from the firſt term, the 
. 2 4 
common difference, and number of terms being given, the ſum 


may be found. 
Ex. Required the ſum of 50 terms of theſeries 2, 4, 6, 8, &c. 
2X2X0-L,0*X2—FcO0X2 _ cIOO | 
— 8 22 225850. 

Cor. 3. Of the firſt term, common difference, ſum and num- 
ber of terms, any three being given, the fourth may be found 
by reſolving the preceeding equation; a, h, 3, and n being ſuc- 
ce ſſively conſidered as the unknown quantity. In the three firſt 
caſes the equation is ſimple, and in the laſt it is quadratic 


II. Of Geometrical Series. 


Def. When a number of quantities increaſe by the ſame mul- 
tiplier, or decreale by the ſame diviſor, they form a Geometrical 
bw Series, 


4 = 


-» 


(IN 
Series. This common multiplier or diviſor is called the comman 
ratio. 


Thus ay, ar, ar*, &c. az 


| Prop. I. The product of the extremes in a geometrical ſeries - 
. is equal to the product of any two terms, equally diſtant from 
the extremes. | 

Let a be the firſt term. y the laſt; r the common ratio: then 
the ſeries is, a, ar, ar*, ar*, ar*, &c. 

| #4 F 
Ties” Sri 

It is obvious, that any term in the upper rank is equally dif- 
tant from the beginning, as that below it from the end; and the 
product of any two ſuch is equal to ay, the product of the firſt 
and laſt, 


Prob. II. The ſum of a geometrical ſeries wanting the firſt 
term, is equal to the ſum of all but the laſt term, multiplied by 
the common ratio. - 


For in the preceeding ſeries. 
ar Tar. ars, &.. . 4 N +y = 


=#1X4-+ar+ar', &.. + «+ +4 T2 
Cor. 1. Therefore s being the ſum of the ſeries, 


Nr -A. And g | 

Hence s can be found from a, y., and r, and any three of the 
four being given, the fourth may be found. 

Cor. 2. Since the exponent of r in any term is equal to the 
number of terms preceeding it, hence in the laſt term its expo- 
nent will be n -i; the laſt term therefore y = ar* , and 5s = 
a Hence of theſe four, Sy, d, Ty, Ny any 
three being given the fourth may be found by the ſolution of e · 
quations. If n is nota ſmall number the caſes of this problem 
will be moſt conveniently reſolved by logarithms; and of ſuch 


ſolutions there are examples in the appendix. 


Cor, 3, If the ſeries decreaſes, and the number of terms is 
1 | | infinite, 


(52) 
infinite, then according to this notation à the laſt term will be 
yr 


214 


o, and 7 ; a finite ſum. 


Ex Required the ſum of the ſeries 1, 2, 4, 35 &c. to infinity. 
1X 2 

x . - 2 Tt 1 
What are called in arithmetic, repeating and circulating de- 


cimals, are truly geometrical decreaſing ſerieſes, and therefore 
may be ſummed by this rule. 


Thus. 333, &c.= 15 + — + &c. is a geomett ical ſeries in which 


Here y = 1, and r= 2. Therefore s = 


= 2. 


** T and 7 =10 therefore 5 = . Ko 22 
* Aon 01 3 


Thus alſo . 2424, &c. = L for here y = 5 and r = to therefore 
10 


24 X 100 8 
100 X 100 — 1 99 33 


III. Of Infinite Series. 


It was obſerved (Chap. I. and IV.) that in many caſes, if 
the diviſion and evolution of compound quantities be actually 
performed, the quotients and roots can only be expreſſed by a 
ieries of terms, which may be continued ad infinitum. By com- 
paring a few of the firſt terms, the law of the progreſſion of ſuch 
a ſeries will ſrequently be diſcovered, by which it may be con. 
tinued without any farther operation, When this cannot be 


22 


done, the work is much facilitated by ſeveral methods; the chief 


of which is that by the bincmial theorem. 
Prob. To raiſe any binomial (a + 5) to any power (m). 


1. From inſpecting a table of the powers of a binomial ob- 


tained by multiplication, the terms without their coefficients 
are a”, af®—"b, an — 257, an — 353, &c. 
2. The coefficients of theſe terms will be ſound by the ſollow- 
ing rule, 
VLivice the exfenent of a in any term by the exfunent of b in- 
creaſed by 1, and the quctient multiplied by the cerfficient of 
at term u ill give the ceefficient of the next ſolleauing term. 


This rule is found, upon trial in the table of powers, to hold 
univerſally, Ihe cocit cient cf the Lift terms is always 1. and 


by 


— — 


k 
tl 


38 
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by applying the general rule now propoſed, the cceſficients will 
— ns *. They 


be as follows 1, m, m X m 


may be mor - conveniently expreſſed thus, 1, Am, B xt 


Cx —, D x , &c. the capitals denoting the preceed- 
3 4 


ing coethcient, Hence a +0). == 8” ohh Ama” — 15 ＋ B X 

EX" —*Þ e a" — 333 Ke. This is the 
3 

celebrated binomial theorem : It is deduced here by induction on- 

ly, but it may be rigidly demonſtrated, tho upon principles 

which do not belong to this place. | | 

Cor. As m may denote any number integral or fractional, 


poſitive or negative, hence the diviſion, involution and evolu- 
tion of a binomial may be performed by this theorem, 


Ex. 1. Let m, then 2 7) A l 2— 76 ＋ 


„ @ —* 6* +, Kc. This being applied to the extraction of the 
ſquare root of a* + x* (by inſerting a* for à and x* for 5) the 
fame ſeries reſults as formerly. (Chap. IV.) 


1 . 0 82 0 . . 1 
Ex. 2, If 122i to be turned into an infinite ſeries, ling—_— 
=1 f-, let a =, b=—r, andm=—1; and the 


lame ſeries will ariſe as was obtained by diviſion, (Chap. L.) 


4 2 1 
In like manner 5 ( X 2rz — 2) —*) may be 


— — 


M212 — 2 
— by an infinite ſeries by ſuppoſing a = rz, b=— 255 
and m -. 

Note, If the binomial is a + 5, the ſigns of the terms of any 
power are all poſitive: if it is 4 — , the alternate terms are 
negative, beginning at the ſecond. "This theorem may be apphed 
to quantities which conſiſt of more than two parts, by ſuppoſing 
them diſtinguiſhed into two, and then ſubſlituting for the 


powers of theſe compound parts, their values to be obtained 
alſo, if required from the theorem. 


Thus a TT =a $b o- 
| SCHOL I U M. 
An infinite ſeries may itſelf be multiplied or divided by 2 
ther 


. 


a—b=4#* — b*, as appears by performing the operation. 


(34) 
ther; it may be involved or evolved, and various other opera- 


tions may be performed upon it which are neceſſary in the higher 
parts of algebra. The methods for finding the fum depend upon 


other principles. 


IV. Properties of Numbers. 


Theor 1. The ſum of the two quantities multiplied by 
their difference is equal to the difference of their ſquares. 


Let the quantities be repreſented by a and 6 then a + b X 


If a and 6 be any two quantities of which the ſum may be de- 
noted by 3, the difference by d, and their product by p, then 
the following propoſitions will be true. | 

1.4 +68 =: — 2þ 2. 4 —b: =5d 
3. 45 +63 == — 385. 4: a3 — d dy 
5* 4 ＋ * 4p. + 2p 6.4% — b* = 83d — 25dpy &c 
It is unneceſſary to expreſs theſe theorems in words and the 
demonſtrations are very eaſy by raiſing @ + 6 to certain powers 
and making proper ſubſtitutions. Beg | 
Theor. 2. The ſum of any number of terms (n) of the odd 
numbers 1, 3, 5, &c. beginning with 1 is equal to the 
ſquare of that number (n). | 

In the rule for ſumming an arithmetical ſeries, let a = 1, 562 2 

2an +n*b — nb 


and n = n, and the ſum of this ſeries will be 5 = 


a. Q. E. D. 


2 

Theor. 3. The difference of any two ſquare numbers is equal 
to the ſum of the two roots together with twice the ſum of the 
numbers in the natural ſcale between the two roots. 

Let the one number be p, and the other p, the interme- 
diate numbers are Þ + 1, þ + 2. . &c. pn 1. The differ- 
ence of the ſquares of the given numbers is 2pn + n; the ſum 
of the two roots is 2p + u, and twice the ſum of the ſeries 
p+1+þ + 2, +.« &, pu — 1 is by Cor. 1. 1ſt Sect 
25 =2þ +# Xn—1 Viz. the ſum of the firſt and laſt multi- 
plied by the number of terms, and it is plain that 2p + n + 
27 +nXn—1=2pn+@. Therefore, cc. 

Lem. 1. Let r be any number and n any integer, 7” — 1 18 
divifible by r — 1. The quotient will be 5” —* + 7"—* &c. till 


the 


| 9» 0 
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the index of r be o, and then the laſt term of it will be r, for if 
this ſeries be multiplied by the diviſor r — 7 it will produce the 
dividend r* — t. It will appear alſo by performing the diviſion 
and inſerting for n any number. 1 | 
Lem. 2. Let r be any number, and n any integer odd number 
7 + 1 is diviſible by r + 1. Alſe ifa is any even number 7* — f is 
diviſible by r + 1. The quotient in both caſes is * — 7.— 
1 —* +7” —3 &c. till the exponent of r be o and the laſt term 
70 = 1. If this ſeries conſiſt of an odd number of terms and be 
multiplied by r ＋ 1 the diviſor, the product is 1* + 1 the divi- 
dend. If the ſeries conſiſt of an even number of terms, the 
roduct is 7" -— 1. but it is plain that the number of terms 
will be odd only when u is odd, and even only when u is even, 
The concluſion will be manifeſt by performing the diviſion. 
Lem. 3. If r is the root of an arithmetical ſcale, any number 
in that ſcale may be repreſented in the following manner a, 6, n 
&c. being the coeſſicients or digits, a+ br + cr* + dri+ er*, &c. 


"Theor. 4. If from any number in the general ſcale now deſ- 
cribed the ſum of its digits be ſubtracted the remainder is divz- 


tible by r — 1. 


The number, is, a + br cr* + dr, &c, and the ſum! of 
the digits is a+ b +c + d, &c. Subtracting the latter 
from the former the remainder is br = Ter! —c + d 
d, &. = b X p—1 +6X1*—1+ dx73 — 1 Kc. But 
by Lem. 1 1” = 1 is diviſible by r — t whatever integer num 
ber n may be, and therefore any multiple of .* — 1 is alſo divi- 
fible by r — 1 : hence each of the terms, b x , e K 


5 are diviſible by r — 1 and therefore the whole is diviſible 
7 —= 1. | 

Cor. 1. Any number the ſum of whoſe digits is diviſible by 
r— I is itſelf diviſible by r — 1. Let the number be called N 
and the ſum of the digits D; then by this Prop. V- is divi- 
fble by r — 1, and D is ſuppoſed to be diviſible by r — 1: there- 
fore it is plain that NV mult alſo be diviſible by r— t. 


Cor. 2. Any number the ſum of whoſe digits is diviſible by . 
N - 


an aliquot part of r — 1 is alſo diviſible by. For let 


and D denote as before and ſince N— D (Theor. 4.) is diviſible 7 434 


byr —1 ; it is alſo diviſible by an aliquot part of r — x ; but 
D is diviſible by an aliquot part of 7 — 1 therefore Mis alſo 
diviſible by that aliquot part. | 
*Cor. 3- This theorem with the corollaries relates to any 
icale whatever, It includes therefore the common property of y 
FCC and 
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and of 3 its aliquot part, in the decimal ſcale; for ſince r = 10 


4 — 3 9. ; 
Theor. 5. In any number if from the ſum of the coefficients 
of the odd powers of r the ſum of the coeſſicients of tte even 


powers be ſubtracted and the remainder added to the number it- 


- 


felf, the ſum will be diviſible by r + 1. 
In the number @ + by + er- + drs Ter! s, &c. the ſum 
of the coeffieients of the odd powers of r is b + d, &c. the 
ſum of the coefficients of the even powers of r is a + c Te, &c. 
If the latter ſum be ſubtracted from the former and the remain- 
der added to the given number it makes, br + b + cr*— c + dr3 
＋4 ä . +F, &c. X JI Tc , N 
= 8X7 — 17 75 + "þ &c. But by Lem. 2. r + l,r* — 15, 73 
+1, &c. are each diviſible by r + 1 and therefore any multiples of 
them are alſo diviſible byr + 1, hence the whole number is divi. 
ible by r + 1. - | 
Cor. 1. If the difference ofthe ſum of the even digits and 
the ſum of the odd digits of any number be diviſible by r + x 
the number itſelf is diviſible 7 + 1. 
Let the ſum of the even digits (that is the coefficients of the 
odd powers of 7) be O the ſum of the odd digits be d and let the 
number be V. Then by the theorem N + D — dis diviſible by 
r +1 and it is ſuppoſed that D — d is diviſible by r + 1 there 


fore V is diviſible by r + 1. 
2. In like manner if D d is diviſible by an aliquot part of 


r +1, N will be diviſible by that aliquot part. 

Cor. 3. If a number want all the odd powers of 1 or if it 
want all the even powers 7, and if the ſum of its digits be divi- 
ſible by 7 + 1, that number is diviſible by r 4-r. 

Cor. 4 In the common ſcale 7 + 1 = 11 which therefore will 
have the properties mentioned in this theorem and the corollaries. 
Thus in the number 648 34, the ſum of the even digits is 7, the 
ſum of the odd digits is 18, and the difference is 11, a number 
dviſible by 11, the given number therefore (Cor. 1.) is diviſible 
by 11. Thus alſo, the ſum of the digits of 7040308 is divifible by 
11 and therefore the number is diviſible by 11. (Cor. 3.) 


U 


Theſe Theorems relate to any ſcale whatever and therefore 
the properties of r — 1 in Theor. 4. would in a ſcale of 8 belong 
to /even and thoſe in Theor. 5. to nine. If 12 was the root of 
the ſcale, the former properties would belong to eleven and the 


latter to thirteen. 
10 | CHAP, 
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CHAP. VII. he 
Of Indeterminate Problems. 
E was formerly obſerved (Chap. III.) that if there are more 


unknown quantities in a queſtion than equations by which 
their relations are expreſſed, it is indetermined; or it may admit 
of an infinite number of anſwers. Other circumſtances how- 
ever, may limit the number in a certain manner, and theſe are 
various according to the nature of the problem. The contrivan- 
ces by which ſuch problems are reſolved, are ſo very different in 
different caſes, that they cannot be comprehended in general 
rules, > | 2 LIT IE: 


EXAMPLE I. 


To divide a given Square number into two parts; each of 
which ſhall be a ſquare number. 


'There are two quantities ſought in this queſtion, and there 1s 
only one equation expreſſing their relation; another condition 
therefore muſt be aſſumed in ſuch a manner as to obtain a ſolu- 
tion in rational numbers. 

Let the given ſquare be a2, let one of the ſquares ſought be 
**, the other is * — *. Let rx a alſo be a ſide of this laſt 
ſquare, therefore p*x* — 2rga+4* = a* — & 


By tranſp. - - r X +x* = 2rxa 

Divide by x = M* x = 2ra . 

Therefore — — = r i 
1 +1 


And rx — of == — „) === 
8 141 


12 +1 
| ra 1428 

Let x therefore be aſſumed at pleaſure, and— = 3 LOTS 
which muſt always be rationaly will be the des of the two. 
ſquares required. 


Thus, if a* = 100. Then, if r= 3, the ſides of the two 
ſquares are 6 and 8, for 36 + 64 = 100. 
Alſo let a* = 64. Then if 7 = 2, the Hides of the ſquares are 


32 ind 24; ang 1224.4 $29 — 1699 4, 


23 7 Is 


/ 


— yy — — — 0 
- * = 


— ———' —— m— — 
m— < ves 


' 
| 
| 
| 


| 
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To find two ſquare numbers whoſe difference is given. 


Let x* and y* be the ſquare NN and a their difference. 


Put 23? =x, and - * 7 
2* + 22 fk ng”: | ; 
4 * 
4 * — 2 * 


zv =( X 7 =) a. | 
If x and y are 2 20 only to be rational, then take v at 


pleaſure, and 2 55 whence x and y are known. 


But if x and y are required to be whole numbers, Take, if 


_ poſſible, any two factors that produce a, and are both even or both 


cdd numbers. And a therefore muſt be either an odd number 
greater than 1, or a number diviſible by 4 

For the product of two odd numbers is odd, and that of two 
even numbers is diviſible of 1 "— if z and v are both odd 


2 ＋ v and 
2 


or both — muſt bes ie 


| 2 
Ex. 1. If a = 27, takev = 1, then z= =273 and the Gquares 


are 196 and 169. x 
2. If a=12 take v= 2, and 2 = 6; and the ſquares are 16 
and 4, 


EXAMPLE nl. 


To find a 2 of money in Lan and my whoſe Jalf 


1s juſt ttsreverſe. | 
Note. The reverſe of a ſum of money, as 31, 128. is 121 184. 
Lt x be the pounds and y the ſhillings. 

The ſum required is 20x ＋ 

Its reverſe is 20y+x ' 


Thereſore 293 T2. = 209 + x 
2 


_— 40% + 2X 
792 8 399 


6916 72) 13: 6 


f (590 
In this equation there are two unknown quantities; and in ge- 
neral, any two numbers of which the proportionis that of 13 to- 


6, will agree to it. | | 
But from the nature of this queſtion, 13 and 6 are the only 


two that can give the proper anſwer, viz. 131. 6s. for its reverſe 
61. 138. is juſt its half. 

The ratio of x and y is expreſſed in the loweſt integral terms 
by t3 and 6; any other expreſſion of it as the next greater 26 
and 12, will not ſatisfy the problem, as 121. 26s. 1s not a pro- 


per notation of money in pounds and ſhillings, 
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APPENDIX to Part I. ; 


* A LGEBRA may be employed in expreſſing the relations of 
magnitude in general, and in reaſoning with regard to 
them. It may be uſed in deducing not only the relations of 
number, but alſo thoſe of extenſion, and hence, thoſe of every 
ſpecies of quantity expreſſible by numbers or extended magni- 
tudes. In this appendix are mentioned ſome examples of its ap- 
plication to other parts of mathematics, to phyſics and to the 
practical calculations of buſineſs. The principles and ſuppoliti- 
ons peculiar to theſe ſubjects which are neceſſary in directing , 
both the algebraical operations and the concluſions to be drawn 
rom them, are here aſſumed as juſt and proper. 


| I. FP 
Algebra has been ſucceſsfully applied to almoſt every branch 

of mathematics, and the principles of theſe branches are ofren 
adrantageouſly introduced into algebraical calculations. The 
application of it to geometry has been the ſource of great improve - 
ments in both theſe ſciences, a more particular account of which 
„is given in the third part of theſe elements. 

In this place ſhall be given an example of the uſe of loga- 
rithms in reſolving certain algebraical queſtions. 

Note. When Logarichms are uſed let (/.) denote the logarithm 
of any quantity before which it is placed: 


Ex. 1. To find the number of terms of a geometrical ſeries of 
wwch the ſumis 511, the firſt termi, andthe common ratio 2. 


252 4 


From Sect. 2. Chap. 6. it appears that: *7.."®, and in 
I — 
8 Po this 


{ 60) | | 
this problem, s, r, and à are given and n is to be found, By 


reducing the equation 5® , X7 1 A and from the known 
| a 


i : | — 
property of logarithms x % Lr = [ :xr—1+a—1. a, and n=. 


lexr—1+a-l.s 
En J. 7 i 


But here 5= 511, 421, r= 2, and 


3 L 512 — 2-70 92 700 2 
J. 2 0.30 10300 


In like manner may any ſuch equation be reſolved when the 


only unknown quantity is an exponent, and when it is the expo. 
nent only of one quantity. 


Ex. 2. An equation ot the following quadratic form a * + 
2ba* = +: may be reſolved by logarithms. 1ſt. by ſcholium 
ol Chap. 5. a*= = V =. And then x is diſcovered 


in the ſame manner as in the preceeding example. Thus if 
4 =2, b= 10, and e =96and the equation 2** — 20 X 2* = 
— 96. 1ſt. 2 = 10 = a = 12 or 8. If 2x = 8 then x = 
7 3 and 2% 20 x 23 =—96 is a true equation. If 2 = 12 


then x = {12 = 10791812 

l. 2 o. 30 10300 
inſerted for x in the given equation by means of logarithms will 
anſwer the conditions. > 


Ex. 3. The ſum of 20001. has been out at intereſtſor a certain 
time and gocl. has been at intereſt double of that time, the whole 


arrear now due reckoning 4 per cent. compound intereſt is 
Ccool. What were the tintes? 


By the rules in the appendix for compound intereſt it is plain 
that it R 1. 04, and the time at which the 2000. is at inte- 
reſt be x the arrear of it will be 2000 x Rx. The arrear of the 
gool. is 500 XR, hence 500 x R*# +2000 N R* = 6000. This 


reſolved gives R*= 2 and = 17.67, + nearly, that is 17 


= 3-5849, and this number being 


years and 8 months nearly and the double is 35 years and 4 
months; which anſwer the conditions. 


II. Examples of Phyſical Problems: 


The ſolution of ſuch problems myſt be derived from phyſical 
| Prin- 
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principles, which are ultimately founded on experience, 
and are here ſuppoſed to be juſt. A. 
If the principles are inaccurate, the concluſions muſt in like 
manner be inaccurate, and if the limits of the inaccuracy in the 
principles can be aſcertained, the correſponding limits in the 
concluſions deduced algebraically from them may be calculated. 


EXAMPLE I. 


Let a glaſs tube, 30 inches (a) long, be filled with mer- 
cury, exceptin 5 8 inches (b); and let it be inverted, as 
in the Jorricellian experiment, ſo that the 8 inches of 
common air may riſe to the top: It is required to find 
at what height the mercury will remain ſuſpended, 


the N in the barometer being at that time 28 
inches (d) high, 


The ſolution of this problem depends upon the following 
principles : 

1. The preſſure of the atmoſphere is meaſured by the column 
of mercury in the barometer z and the elaſtic force of the air in 
its natural ſtate which reſiſts this preſſure, is therefore meaſured 
by the ſame column. | 


2. In different ſtates, the elaſtic force of the air is reciprocally 
as the ſpaces which it occupies. | 28 

3 In this experiment the mercury which remains ſuſpended 
in the tube, together with the elaſtic force of the air in the top 
of it, being a counterbalance to the preſſure of the atmoſphere, 


may therefore be expreſſed by the column of mercury in the 
barometer. 


Let the mercury in the tube be x inches, the air in the top 
of it occupies now the ſpace ax; it occupied formerly b inches, 
and its elaſtic force was d inches of mercury: Now thexe» 


fore the force muſt bela—x: b::4d :) — inches. 
4 — 
Theretore 3d. x + - 4 =d. This reduced and putting 
Anas | 
a+d=2m the equation is & —2m x bd ad 
This reſolved gives x n -= Gd. 
In numbers - x44 or 14» 
One of the roots 44 is plainly excluded in this caſe and the 
other 14 is the true anſwer. If the experiment could be ſo con · 


* trived that the column ſuſpended be equal to the height of the 


barometer 
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barometer d together with the meaſure of the elaſtic force of 
4 inches of common air in the ſpace x — a, that is, it æ 2 


Sd, the equation would be the fame 


X—&a X— 4 
„ and the root 44 would be the true aniver. 


EXAMPLE I. 


The diſtance of the earth and mcon (d,) and their quan- 
tities of matter (t, l,) being given, to find the point of 
equal attraction, between them, 

Let the diſtance of the point from the earth be x: its diſtance 


from the moon will be therefore d — x. But gravitation is as 
the matter directly; and as the ſquare of the diſtance inverſely 


therefore the earth's attraction is = ; and the moon's attraction 
x 


== », But theſe are here equal, therefore 
ll N and / t . | 


e — 2 


This equation reduced gives x = dy t 


VIII TVI 


Or mult. numerator and de- Off =o d, 
nominator by V — / | 3" weak” bike ah 


In round numbers, let d = 60 ſemidiameters of the carth, 
t=40, {=1 then x = 52 ſemidiameters nearly. J here is ano- 
ther point beyond the moon at which the attractions are equal 
and it would be found by putting the ſquare root of 4 — ,4* to 


be x — d which in this caſe would be a poſitive quantity; and 

then x = — TY, [ = 72 nearly. If the quantities had been 
"Ml 

multiplied before extracting the ſquare roots, the adſeQed 

quadratic would have given the ſame two roots. 


EXAMPLE II. 


Let a ſlone be dropt into an empty pit; and let the time 
from the dropping of it to the hearing the ſeund from the 
bottem be given: To find the depth ef the fit. 


Let the time be a: 3 let the fall of a heavy body in the iſt 
ſccond 


4 


aut 


pid . — & 


* ge” 
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ſecond of time (16.122 feet) be 4: alſo, let the motion of 
ſound in a ſecond (1142 feet) be c. 


Let the time of the ſtones fall be 13 „ 
The time in which the ſound of it moves to 
the top 1s | « St: 
The deſcent of a falling body is as the ſquare | 
of the time therefore the depth of the pit & |3!/5x* 
YE EtS 
The depth from the motion of ſound is alſo 4ſca — cx 
Therefore 3 and 4 - - - - 5 bx* ta- ex 


This equation being reſolved, gives the value of x and from 
it may be got hx or ca cx, the depth of the pit. 
If the time is 10% then x =8 89“ and the depth is 1273 feet. 


III. x Of Intereft and Annuities. '- 


The application of algebra to the calculation of intereſts and 
annuities will furniſh proper examples of its uſe in buſineſs: 
Algebra cannot determine the propriety or juſtice, of the com- 
mon ſuppoſitions on which theſe calculations are founded, bur 
only the neceſſary concluſions reſulting from them. 


Notation. | 


In the following theorems let p denote any principal ſum-of 
which 11, is the unit, f the time during which it bears interelt, 
of which 1 year ſhall be the unit, 4 the rate of intereſt of 4 1. for 
year, and let s be the amount of the principal fum p with its 
intereſt for the time ? at the rate r. Ta: 


| 1. Of ſimple Intereſt. 
p + ptr, and of theſe four, s, p, f, r. any three being 
given the fourth may be found by reſolving a ſimple equation, 
The foundation of the canon is very obvious, for the intereſt 
of 1] in one year is r, for t years it is tr, and for p pounds it is 
tr, the whole amount of principal and intereſt muſt therefore be 


Þ + ptr. | 
2. Of Compound Intereſt. 


When the ſimple interelt at tae end of every year is ſuppoſed to 
be joined to the principal ſum, and both to bear intereſt for the 
jollowing year, money is ſaid to bear compound intereſt, The 

ſame notation being uſed, let 1 + r = R. Then .. 
For the ſimple intereſt oft in a year is r and the new principal 
ſum therefore which bears intereſt during the ſecond year is 
(6 
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(rz; the intereſt of R for a year is rR, and the amount 
of principal and intereſt at the end of the 2d year, is R + rR = 


Rx1i+r =R*, In like manner at the end of the 3d year it 

is Rs, and at the end of z years it is Ri, and for the ſum p it is 
Rt =. | 

n Cor. 1. Of theſe four p, N, t, s any. three being given the 

4th may be found. When ; is not very ſmall the ſolution will be 

obtained moſt conveniently by logarithms, When R is known x 

may be found, and converſely. 1 . 

Ex. If 5ool. has been at intereſt for 21 years, the whole 
arrear due reckoning 4 per cent. Compound intereſt is t 260. 121. 
or 1260. 25s. 5d. In this caſe p = 500, R= 1.045 and r = 21. 
and 1260. 12, and any one of theſe may be derived by the theo- 
rem from the others being known. Thus to find 6; J. R xl. R 
21 X o. 0191163 . 40 14423, therefore R! = 2.520242 and s = 
(pR! =) 500 X 2.520242 = 1260-121, 

Cor. 2. The preſent worth of a ſum (5s) in reverſion that is 
payable after a certain time : is found thus: let it be x, then this 
money improved by compound intereſt during # produces x# 


which muſt be equal to s, and if xR* = 5s, x = - 


Cor. 3. The time in which a ſum is doubled at compound * 


tereſt will be found thus. pR'=2p and R'=2 and t 
J. 2 


1. 1.05 


Ts, thus if the rate is 5 per cent. 1 = oß and 


o. 3010300 
o. 0211893 


= 14-2064. that is 14 years and 75 days nearly. 
3. Of Annuities. 


An annuity is a- payment made annually for a certain term of 
years, and the chief problem with regard to it is to determine its 
preſent worth. The ſuppoſition on which the ſolution proceeds 
is, that the money received by the ſeller, being improved by him 
in a certain manner during the continuance of the annuity, amounts 
to the ſame ſum as the ſeveral payments received by the purchaſer, 
improved in theſame manner. The ſuppoſitions with regard to the 
improvement may be various. What is called the method of fimple | 
intereſt, in which ſimple intereſts only are reckoned upon the 
purchaſe money, and ſimple intereſts on each annuity from the 

time of payment is ſo manifeſtly unequitable as to be univerſally 
rejected; and the only ſuppoſition which is now admitted is the 
higheſt improvement poſſible on both fides, viz. by compound 
intereſt, As the taking compound intereſt is prohibited by law; 

| by 


* 


is a x 


hence p=4X ——— a 
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the realizing of this ſuppoſed improvement, requires punctual 
payment of ' intereſt, and therefore, the intereſt in ſuch 
calculations is generally made low. Even with this advantage, 
it can hardly be rendered effectual in its full extent; it is however 
univerſally acquieſced in, as the moſt proper foundation of general 
fules; and when peculiar circumſtances require any different: 
hypotheſis, a ſuitable calculation may be made. 


Let then the annuity be called a, and let p be the preſent 
worth of it or purchaſe money, ;, the time of its continuance, 
and let the other letters denote as formerly. | 

The ſeller by improving the price received p, at compound 
intereſt, at the time the annuity ceaſes has Rt. 

The purchaſer receives the firſt annuity @ at the end of the firſt 
year, which is improved by him for & — 1 years; it becomes 
therefore (Th. 2.) aR'—", _ 

He receives the 2d annuity at the end of the 2d year, and 
when improved :- 2 years, it becomes aR. . 

The third annuity becomes aR* — 3, &c. | 

The laſt annuity is fimply a, therefore the whole amount 
of the improved annuities is the geometrical ſeries a + aR + 
aR*, &c... a R'—". The ſum of this ſeries by Chap. 6. Sect. 2. 
R'—1 R. — 1 3 

= A4 N —. 
R — 1 . '_ 


4 


— 
But from the nature of the problem pRt = a x —. and 


I 
2 AKT 1 


rR r 


Cor. 1. Of theſe four p, a, N,. t, any three being given, the 
fourth may be found, by the ſolution of equations; F is found 
eaſily by logarithms, Ror 7 can be found only by reſolving an 


adfected equation of the ? order, 


Cor 2. If an annuity has been unpaid for the term t, the 
Rt — 1, 
| 7 
Cor 3. The preſent worth of an annuity in reverſion, that is 
to commence aſter a certain time (n) and then to continue 
t years, is found by ſubtracting the preſent worth for n years 
from the preſent worth for u + t years, and then; | 


amount reckoning compound intereſt, will be @ x 


N. — 1 — r 
= 6 Rt 


P AX = 
rR ** r Alſo 


(66) 


Alſo of R, t, n, a, p, any four being given, the fifth may 
be found. | | 
Cor. 4. If the annuity is to continue for ever then Rt — x 


and R! may be conſidered as the ſame; and p AN — = 
| r r* 
Cor. 5. A perpetuity in reverſion (by Cor. 3.) ſince Rt x 
= Ri is þ = 
17 n 


Prob. When 12 years of a leaſe of 21 were expired, a renewal 


for the ſame term was granted for 1000l. 8 years are now expired 


and for what ſum muſt a correſponding renewal be made, 
reckoning 5 per cent. compound intereſt ? | 

From the firſt tranſaction the yearly profit rent muſt be dedu ; 
ced; and from this the proper fine in the ſecond may be com- 
puted. Lt | 
In the firſt bargain an annuity in reverſion for 12 years to com · 
mence 9 years . was ſold for 1o00l the annuity will 
therefore be found' by Cor. 3. in which all the quantitics are 

. And by inſerting numbers, viz. p= 
I p 
„ 
1000, f 12, n r .oß, and R=1.05; and working by lo- 
garithms a = 175.029 = 1751. — 6d. ; : 

Next having found a, the ſecond renewal 1s made by finding 
the preſent worth of the annuity a in reverſion, to commence 13 
years hence and to laſt 8 years. In the canon (Cor. 3.) inſert 
for a, 115.029 and let ? = 8, n = 13, and r =.05as before. p = 
559993 = 5991. 188. Gd. 3. The fine required. 

As theſe computations often become troubleſome, and are of 
frequent uſe, all the common caſes are calculated in tables, from 
which the value of any annuity, for any time, at any intereſt, 
may eafily be found. | s 

' he calculations of life annuities, depend partly on the prin- 
ciples now explained, and _y on phyſical principles, from the 
value of human life as deduced from bills of mortality. 
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Of the General Properties and Reſolution 
of EqQuaT1oNs of all Degrees. 


Ca A'S FL 


Of the Geneſis of Equations, and of the 
Signs and Coefficients of their Terms. 


T7 order to reſolve the higher orders of equations, and to 
inveſtigate their general affections, it is proper firſt to con- 
ſider their origin from the combination of inferior equations. 

As it would be impoſſible to exhibit particular rules for 
the ſolution of every order of equations, their number being in- 
definite; there is a neceſſity of deducing rules from their general 
properties which may be equally applicable to all. 

In the application of algebra to certain ſubjects, and eſpecially 
to geometry, there may be an oppoſition in the quantities, analo · 
gous to that of addition and ſubtraction, which may therefore be 
expreſſed by the ſigns + and . Hence theſe ſigns may be under- 
ſtood by abſtraction, to denote contrariety in general; and there- 
fore in this method of treating of equations, negative roots are 
admittedas well as poſitive. In many caſes, the negative roots will 
have a proper and determinate meaning, and when the equation 
relates to magnitude only, where yon why cannot be ſuppoſed 
to exiſt, theſe roots are negleCted, as in the caſe of quadratic 
equations formerly explained. There is tefides this advantage 
in admitting negative roots, that both the properties of 


£quations from which their reſolution is obtained, and alſo _ 
| : whic 
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which are uſeful in the many extenſive applications of algebra, 
become more ſimple and general, and are more eaſily deduced. 

In this general method all the terms of any equation arc 
brought to one ſide, and the equation is expreſſed by making 
them equal to o. Therefore if a root of the equation be inſerted 
inſtead of (x) the unknown quantity, the poſitive terms will be 
Equal to the negative, and the whole muſt be equal to o. 

Def. When any equation is put into this form, the term in 
which (x) the unknown quantity is of the higheſt power, is called 
the Firſit; that in which the index of x is leſs by 1, is the Second, 
and fo on, till the laſt into which the unknown quantity does not 
enter, and is called the Abſolute Term. | 


Prop. I, Ifany number of equations be multiplied together, 
an equation will be produced, of which the dimenſion is equal to 
the ſum of the dimenſions of the equations multiplied. 

If any number of ſimple equations be multiplied together, as 
X—@a=0, X -g, x- c, &c it is obvious, that the pro- 
duct will be an equation of as many dimenſions as there are 
ſimple equations. In like manner, if higher equations are mul- 
tiplied together, as a cubic and quadratic, one of the fifth order 


is produced, and ſo on. a 


Converſely. An equation of any dimenſion is conſidered as 
compounded either of ſimple equations, or of others ſueh that 
the ſum of their dimenſions is equal to the dimenſion of the 
given one; and by the reſolution of equations theſe inferior e- 
quations are diſcovered. | 


Cor. 1. Any equation admits of as many ſolutions, or has as 
many roots, as there are ſimple equations which compole it, 
that is, as there are units in the dimenſion of it. 

Cor. 2. And converſely, no equation can have more roots 
than the units in its dimenſion. Sox 

-Cor. 3. Imaginary or impoſſible.roots muſt enter an equation 
by pairs; for they arife from quadratics, in which both the roots 
are ſuch, 

Cor. 4. The roots are either poſitive or negative, according 
as the roots of the ſimple equations, from which they are pro- 
duced, are poſitive or negative. 

Prop. II. To explain the general properties of the ſigns and 
coeſficients of the terms of an equation. 

Let x—a=0,x—b=0,x—c=0, x —d= o, &c. be any num- 
ber of fimple equations, of which the roots are any quantitigs, 
n. by co, d, &c. and let them be muliiplicd as in the following 


table. X — 4 


X'S? - 


& 2420 
XX —5 S2 o 


—„» 


'FA bx + 5 =0, a Quadratic. 


X 4 2280 


=x* —4 ＋ ab 
ted 2 Cubic. 
, + bc 
6 %x—d=0 
S* — 4 ＋46 - abe 
285 ng N =0, a Biquadra- 
"mY be P bed (tic, 
 +6d 
+ cd 
&c. 


From this table it is plain, 
1. That in a complete equation the number of terms is always 


greater by unit than the dimenſion of the equation, 


2. The coefficient of the firſt term is 1. 
The coefficient of the ſecond term is the ſum of all the roots 


(a, by c, d, &c.) with their ſigns changed. 
The coefficient of the third term is the ſum of all. the products 
that can be made by multiplying any two of the roots together. 
The coefficient of the fourth term is the ſum of all the products 
which can be made by multiplying together any three of the 


roots with their ſigns changed; and ſo of others. 
The laſt term is the product of all the roots, with their ſigns 


changed. 

3- From induction it appears, that in any equation (the 
terms being regularly arranged as in the preceeding example) 
there are as many politive roots as there are changes in the figns 
of the terms from Ito , and from — to +; and the remaining 
Toots are negative, | 

| Note. The impoſſible roots in this rule are ſuppoſed to be 
either poſitive or negative. 

In this example of a numeral equation x* — "TR" 

| | 724 
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+ 24 So, the roots are, +1, +2, +3, +4, and the preceeding 


obſervations with regard to the ſigns and coefficients take place, 


Cor. If a term of an equation is wanting, the poſitive and ne. 
gative parts of its coefficient muſt then be equal. If there is no 
abſolute term, then ſome of the roots muſt be = o, and the 
equation may be depreſſed by dividing all the terms by the loweſt 
power of the unknown quantity in any of them, 


CHAP. II. 


Of the Transformation of Equations, 


Here are certain transformations of equations neceſſary to. 
| wards their ſolution: the moſt uſeful are contained in the 


following propoſitions. 


Prop I. The affirmative roots of an equation become negative, 
and the negative become affirmative, by changing the ſigns of 
the alternate terms, beginning with the ſecond, - 

Thus the roots of the equation x. -x 19x* + 49x— 30 
are + 1, ＋ 2, + 3, — 5, whereas the roots of the equation, x4 
+ * AR 19x? — 49x — JO =O, aAlIC—TI, — 2, — 3; + Ts 

The reaſon of this is eaſily derived from the compoſition of 
the coefficients of theſe terms, which confiſt of combinations of 
odd numbers of the roots, as explained in the preceeding chapter, 

Prop. II. An equation may be transformed into another that 
ſhall have its roots greater or leſs than the roots of the given 


equation by tome given difference. 


Let x bethe unknown quantity of the equation, and e the given 
difference: let y=x e, then x =y e; and if for x and its 
powers in the given equation, y==e and its powers be inſerted, 
a new equation will ariſe, in which the unknown quantity is 
y, and its value will be x==e; that is, its roots will differ from 


the roots of the given equation by e. 


Let the equation propoſed be x3 —px* TE x =o, of which 
the roots muſt be diminiſhed by e. By inſerting for x and its 
powers, y +e and its powers, the equation required is, 


* +305 +6, 
Py? —2pey —ft 
PIX) 


{=o 


Cor , 


an 


> 


” > © © 


(71) 

Cor 1. From this transformation the ſecond, or any other 
intermediate term may be taken away; granting the —— 
of equations. | 

Since the coefficients of all the terms of the transformed equa- 
tion, except the firſt, involve the powers of e and known quan- 
tities only, by puting the coefficient of any term equal to o, 
and reſolving that equation, a value of e may be determined; 
which being ſubſtituted, will make that term to vaniſh. 

Thus in this example, to take away the ſecond term, let its 
coeſſicient, 3e —p = ©, and e jp, which being ſubſtituted for 
e the new equation will want the ſecond term. And univer- 
ſally the ſecond term of a cubic equation may be taken away by 
ſuppoling x =y = x, ==p being the coefficient of that term. 


Cor. 2* The ſecond term may be taken away by the ſolution 
of a ſimple equation, the third by the ſolution of a quadratic ; 
and fo on. 

Cor. 3. If the ſecond term of a quadratic equation be taken 
away, it will become a pure equation, and thus a ſolution of 
quadiatics will be obtained which coincides with the ſolution al- 
ready given in Part. I. | 

Cor. 4. The laſt term of the transformed equation is the ſame 
with the given equation, only having e in place of x. 

Prop. III. In like manner may an equation be transformed 
into another, of which the roots ſhall be equal to the roots of the 
given equation, multiplied or divided by a given quantity. 

Let x be the unknown letter in the given equation, and y 
that of the equation wanted; alſo let e be the given quantity. 


To multiply the roots let xe = y, and x == 


To divide the roots let 255 and x = ye. 


Then ſubſtitute for x and its powers, - or ye, and its powers, 


and the new equation of which y is the unknown quantity, 
will have the property required. | 


Cor. By this propoſition, fractions and ſometimes ſurds may 
be taken out of an equation, CHAP. 
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CHAP. III. 
Of the Reſolution of Equations. 


| — the preceeding principles and operations, rules may be 
derived for reſolving equations of all orders. 


I. Carpan's Rule for Cubic Equations. 


The ſecond term of a cubic equation being taken away (by Cor. 
1. Prop. 2. Chap. II.) it may be generally repreſented by x3 * + 
39x +2r . The ſign I in all the terms, denotes the addition 
of them with their proper ſigns, Let x = m +n, and alſo mn 
=—9; by the ſubſtitution of theſe values, an equation ot the 6th 
order, but of the quadratic form is deduced, which gives the 
values of m and n, and hence; | 


(MES) XD N FEES ETSY Fan. 


Cor. 1. In the given equation if 39 is negative, and if 72 is 
leſs than 95, this expreſſion of the root involves impoſſible roots; 
while at the ſame time,_all the roots of that equation are 
poſſible. The reaſon is, that in this method of ſolution it 15 
neceſſary to ſuppoſe that x the root, may be divided into two 
parts, of which the product is g. But it is eaſy to ſhew that in this 
which is called the :rreducible caſe, it cannot be done. 

If the cube root of the compound ſurd can be extracted, the 
impoſlible parts balance each other, and the true root is obtained. 

The geometrical problem of the triſection of an arch is re- 
ſolved algebraically, by a cubic equation of this form; and 
hence the foundation of the rule for reſolving an equation belong: 
ing to this caſe by a table of ſines. 3 

Cor. 2. Biquadratic equations may be reduced to cubics, and 
may therefore be reſolved by this rule. 

Some other claſſes of equations too, may be reſolved by parti- 
cular rules; but theſe, and every other order of equations, are 
commonly reſolved by the general rules, which may be equally 
applied to all. | 

It is to be obſerved in general that when one root of an equa» 
tion is diſcovered, one of the ſimple equations is found, from 
which the given one is compounded. The given equation there: 
fore being divided by this Fmple one, will give an equation of 1 


dimenſion lower than it by 1. Thus, any equation may be de- 
p | preſſed 
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preſſed as many degrees as there are roots found by any method 
whatever. | 


II. Solution of Equations, whoſe Roots are commenſurate. 


„ » + Þ 9. Se - 


All the terms of the equation being brought to one fide, find all the 
diviſors of the abſolute term, and ſubſtitute them ſucceſſively in 
the equation for the unknown quantity. That diviſor which ſub- 
ftituted in this manner gives the reſult = o, ſball be a reat of 
the equation. 

Ex. I. x3 — 3ax* + 24*x — 24*b 
— bx* + 3abx 

The ſimple literal diviſors of - 2a˙5, are a, b, 2a, 25, any of which 

may be inſerted for x. Suppoſing x = + a, the equation becomes 

a3 — 3a3 + 243 — 245 
— ba* + 3a*6 
Ex. 2. x3 — 2x* — 33x.+ 90 o. 

The diviſors of go are 1, 2, 3, 5, 6, 9, 10, 15, 18, 30, 45, 90. 
The firſt of theſe diviſors, which being inſerted for x, will 

make the reſult =o is ＋ 3 +5 is another, and it is plain 

the laſt root muſt be negative, and it is — 6. | 

When z is diſcovered to be a root, the given equation may be 
divided by x — 3= o, and the reſult will be a quadratic, which 
being reſolved will give the other two roots, + 5 and —6. 

The reaſon of the rule appear from the property ot the abſo- 
Jute term formerly defined, viz, that it is the product of all 
the roots. 

To avoid the inconvenience of trying many diviſors, this me- 
thod is ſhortened by the following 


RULE I, 

Subſtitute in place of the unknown quantity ſucceſſively the terms 
of the progreſſion, 1, o, — 1, &c. and ſind all the diviſors of 
the ſums that reſult; then take out all the arithmetical pro- 
greſſiont that can be found among theſe diviſors whoſe common 
difference is 1, and the values of x will be among thoſe terms 
of the progreſſions which are the diviſors of the reſult ariſing 
Jrom the ſub/lituticn of x S. When the ſeries increaſes, the 


reots will be poſitive ; and when it decreaſes, the roots will bs 
negative. 


20. 


: whichis obviouſly = 0, 


EXAMPLE 
Let it be required to find a root of the equation x3 — x* — 10x 


+650, 
K The 


: - 
— 


. 2 
| — 
— 


2 — - - — _- a : 
— ͤ—— — — K —— — — —— OR 


(74) 
The operation is thus: 


Suppoſit. © © l. | Divijors |Arith prop. 
"Eb | T — 4] 1»2z4 4 7 
+ ee 2% 
21922 = — = C+141! 1,237514,2 ” 


In this example there is only one progreſſion, 4, 3, 25 and 


therefore 3 is a root, and it is — 3, ſince the ſeries decreaſes. 


It is evident from the rules for transforming equations (Chap, 
2.) that by inſerting for x, + 1 (= + e) the reſult is the ab- 
ſolute term of an equation of which the roots are leſs than the 
roots of the given equation by 1 (= e). Cor. 4. Prop. 2. When 
* So the reſulr is the abſolute term of the given equation. 
When for x is inſerted —1 (= — e) the reſult is the abſolute 
term of an equation whoſe roots exceed the roots of the given 
equation by 1 ge). Hence if the terms If the ſeries 1, o, — 1, 
— 2, &. - inſerted ſucceſſively for x, the reſults will be the 
abſolute terms of ſo many equations, of which the roots form 
an increaſing arithmetical ſeries with the difference 1. Bur as 
the commenſurate roots of theſe equations muſt be among the 
diviſors of their abſolute terms, hence they muſt be among the 
arithmetical progreſſions found by this rule. 'The roots of the 
given equation therefore are to be ſought for among the terms of 
theſe progreſſions which are diviſors of the reſult, upon the ſuppo- 
ſition of x = o, becauſe that reſult is its abſolute term. 

It is plain that the progreſſions muſt always be increaſing, 
only it is to be obſerved that a decreaſing ſeries with the ſign + 
becomes increaſing with the ſign —. Thus in the preceeding 
example — 4, — 3, — 2, is an increaſing ſeries of which — 3 


is to be tried, and it ſucceeds. , 


III. Examples of Queſtions producing the higher Equations. 
EXAMPLE I. 


It is required to divide 16l. between two perſons, ſo that 
the cube of the one's ſhare may exceed the cube of the 
ther's by 386. | 
Let the greater ſhare be x pounds, 
And the leſs will be 16— x ; 


By the queſtion, x3 — 16 — xÞ = 386 
And by Inv. 2x3 — 48x* + 768x — 4096 = 38% 


Tranſp. and divide x 24x + 384x — 2241 = O. 
f Sup pos. 


. 
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Suppos. Reſults. Diviſort. 

If x = F 1880 =» = I, 2, 4+ 5, 8 105 205 
X= 334 2241 = 1, 3, Oy 27, 83. 
X=—lI;j - - » 2650 - »- = 15 2, 5, 10, 257 53» 


Where 8, 9, 10, differ by 1; therefore + 9 is to be tried; and 
being inſerted for x, the equation is = o. The two ſhares then are 
9 andy which ſucceed, Since x g g; x—9 o, is one of the 
ſimple equations from which this cubic is produced; therefore 


x* — 244" + JEIT > 2261 = 
5 2 — =x*— 15 x 249 =0. And the 


two roots of this quadratic are impoſſible. 
| EXAMPLE II. 

What two numbers are thoſe, whoſe product multiplied by 
the greater will produce 405, and their difference mul- 
tiphed by the leſs 20? 

Let the greater Number be x, and the leſs, y. 

Then b - (xy Xx =) x*y = 405 
— GP ne En 


4 
And — _ » «a * — 2* +499” + 400 
** 


Alſo © © „ „ 92 405 
* 
Therefore L LA +499 405 


re 
Mult. and tranſp. y4+40y* —405y +400=0» 


This biquadratic reſolved by diviſors, gives r g: and there- 


fore x=9. Alſo)” +499” —4959 400 =Jy*+ 5y* +65y —80 


” 


This cubic equation has one poſitive incommenſurate root, 
VIZ. 1.114, &c. which may be found by the rule in the next 
ſection, and two impoſſible. The incommenſurate root y = 1. 
114, &c. gives x = 19-067, &c. and theſe two anſwer the con · 


=O, 


ditions very nearly 


EXAMPLE IL 
The jum of the ſquares of two numbers 208, and the ſum 
of their cubes 2240 being given, to find them, 


(75) 
Let the greater be x + y and the leſs x — y; 
Then * 90 T4) = 2x* + 25 S 208 
Hence y! 104 -x 
Alſo X TY + &* 2x3 +6 xy* = 2240 
Subſtitute for y* its value and 2x3 + 624x — 6x*= 2240 
This reduced gives x3 — 1 56x + 560 So. 
The roots of this equation are +10, +4, —14+ If x =10 


then y , and the numbers ſought are 12 and 8, which give 

the only juſt ſolution. If x= 4, then y* = 88 and y=4/88. The 
numbers tought are therefore 4 +4/88 and 4 — V. The laſt 
| is negative but they anſwer the conditions. Laſtly if x=— 14, 
then * = —92, hence y=4/ -=, is impoſſible, but ſtill the 
two numbers — 14 T 92, =14—-4/ — g2s being inſerted 
would anſwer the conditions. 


| 
| 


IV. Solution of Equations by Approximation, 


By the former rules, the roots of equations when they are com - 
menſurate may be obtained : theſe however more rarely occur ; 
and when they are incommenſurate, we can find only an appro- 
ximate value of them, but to any degree of exactneſs required. 
There are various rules for this purpoſe ; one of the moſt ſimple, 
is that of Sir Iſaac Newton, which will be eafily underſtood by 
the following example, bh, 

Lemma. If any two numbers being inſerted for the unkttown 
quantity (x) in any equation, give reſults with oppoſite ſigns, 
an odd number of roots muſt be between theſe numbers. 


This appears from the property of the abſolute term, and from 
this obvious maxim, that if a number of quantities be multiplied 
together, and if the ſigns of an odd number of them be changed, 
the ſign of the product is changed. For when a poſitive quantity is 
inſerted for x the reſult is the abſolute term of an equation whoſe 
roots are leſs than the roots of the given equation by that quan» 
ity. (Prop. 2. Cor 3. Chap. 2.) If the reſult has the ſame ſign, 
as the given abſolute term, then from the property of the abſo- 
Jute term (prop. 2. Chap. 1.) either none or an even number onl 
of the poſitive roots, have had their ſigns changed by the tranſ - 
formation ; but if the 1efult has an oppoſite ſign to that of the 
given abſolute term, the ſigns of an odd number of the poſitive 
roots muſt have been changed. In the firſt caſe then the quantity 
ſubſtituted muſt have been either greater than each of an even 
number of the politive roots of the given equations, or leſs than 

any 
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any of them; in the ſecond caſe it muſt have been greater than 
cach of an odd numbers of the poſitive roots. An odd number of 
the poſitive roots therefore mult lye betwee nthem when they give 
reſults with oppoſite ſigns, 'The ſame obſervation 1s to be extended 
to the ſubſtitution of negative quantities and the negative roots, 


Note, If two adjacent numbers in the ſcale give oppoſite re- 
ſults, one root only lyes between them, if there are no decimal 
fractions in any of the terms, 


Let the equation be x3 — 2x — g 20. 


1. By trials find the neareſt integer to the root; in this caſe 
the root is between 2, and 3, for theſe numbers being inſerted 
tor x, the one gives a poſitive, and the other a negative reſult, 


2. Suppoſe x = 2 +f and ſubſtitute this. value of & in the 


equation, 
x3i=8 1 of +/* 
— 2X = —4 — 
=$==$ 


x3 —2x—5==—1+1of+6* +f/*=0. 


As f is leſs than unit, its powers f* and f3 may be neglected 
in this firſt approximation, and 10 = 1, or f = 041 _— 
therefore x = 2.1 nearly, 


3. Asf= 0-1, nearly, let f=.1 + gz ral inſert this value of 
in the preceeding equation- 


I =0.001 TO. ogg + 0.32* + g? 

6f* = 0.06 + 1-2g + 6.g* 

iof = 1+ 10g 

—I=—1 

j* + 6f* + 19f —1 = 0.061 +11. 218 + 63g Tei =0 
and negleCting g* and g? as very {mall 0.061 + 11-23g=0 


—0061 _ —.0054, hence f = 0.1 T+Tg= .0946 nearly 
11.23 


and x = 2.0946 nearly. 


org = 


4 This operation may be continued to any length, as by ſup- 
poſing g = — .o054 + h and ſo on, and the value of x = 
2.09455 147 nearly. 

By the firſt operation a nearer value of x may be found thus; 

ſince f = .1 nearly and —1 + 10f + off ＋ = 0, 


f = Tt ger: {= 


= «094 true to 
the 


* 6 + 01 
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the laſt figure, and x = 2.094. In the ſame manner may the 
root of a pure equation be found, and this gives an eaſy method 
of approximating to the roots of numbers which are not perfect 
powers. 


This rule is applicable to numeral equations of every order, 
and by aſſuming a general equation, general rules may be dedu- 
ced for approximating to the roots of any propoſed equation. By 
a ſimilar method we may approximate to the roots of literal 
equations which will be expreſſed by infinite ſeries, | 
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P AR T III. 
Of theApplicationof Algebra to Geometry, 


— 
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General Principles. 


G EOMETRY treats both of the magnitude and poſition of 

_ extenſion, and their connections. 
Algebra treats only of magnitude. Therefore, of the relati- 

ons which ſubſiſt in geometrical figures, thoſe of magnitude on- 


ly can be immediately expreſſed by algebra. 
| The 


(79) 


The oppoſite poſition of ſtraight lines may indeed be expreſ- 
ſed ſimply by the ſigns + and —. But in order to expreſs the 
various other poſitions of geometrical figures by algebra, from 
the principles of geometry, ſome relations of magnitude muſt be 
found, which depend upon theſe poſitions, and which can be 
exhibited by equations: and converſely, by the ſame principles, 
may the poſitions of figures be inferred from the equations de- 
noting ſuch relations of their parts. 1 8 

Tho' this application of algebra appears to be indirect, yet 
ſuch is the ſimplicity of the operations, and the general nature 
of its theorems, that inveſtigations, eſpecially in the higher parts 
of geometry, are generally eaſier and more expeditious by the 
algebraical method, tho” leſs elegant than by what is purely geo- 
metrical. The connections alſo, and analogies of the two 
ſciences eſtabliſhed by this application, have given riſe ro many 
curious ſpeculations; geometry has been rendered far more ex- 
tenſive and uſeful, and algebra itſelf has received conſiderable 


improvements. 


I. Of the Algebraical Expreſſionof Geometrical Maguitudes. 

A line, whether known or unknown, is repreſented by a 
ſingle letter; a rectangle is expreſſed by the product of the two 
letters repreſenting its ſides; and a rectangular parallelepiped 
by the product of three letters, two of which repreſent the ſides 
of any of its rectangular baſes, and the third the altitude. 

Theſe are the moſt ſimple expreſſions of geometrical magni- 
- WT tudes, and any other which has a known proportion to theſe, 
may in like manner be expreſſed algebraically, Converſely, the 
geometrical magnitudes repreſented by ſuch algebraical quanti- 
ties may be found, only the dimenſions above the third, not 
7 having any correſponding geometrical dimenſions, mult be ex- 
'* WY prefſed by proportionals. 
— The oppoſite poſition of ſtraight lines, it has been remarked, 
may be expreſſed by the ſigns + and =, 

Thus let a point A be given in the line AB, any ſegment AP 


—_ 


6— — 
_ >, —_— 


p 1 B 


taken to the right hand bcing conſidered as poſitive, a ſegmen 

\p to the left is properly repreſented by a negative quantity. 
If a and 6 repreſent two lines, and if upon the line AB from the 
point A, AP be taken towards the right equal to a, it may be 
. CX* 


of 


ti- 
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expreſſed by + a; then PM taken to the left and equal to 6, will 
be properly repreſented by — b, for AM is equal to a —6: If a= 
b, then M will fall upon A, and a—6b=0: by the ſame notation if 
b is greater than a, M will fall to the left of A, and in this 
caſe if 2a b, and if Pp be taken equal to b, then (a—b=) —a 
will repreſent Ap which is equal to a, and fituated to the left 
of 

The poſitions of geometrical figures are ſo various, that it is 
impoſſible to give general rules for the algebraical expreſſion of 
them. The following are a few examples. 


An angle is expreſſed by the ratio of its ſine to the radius; a 
right angle in a triangle by putting the ſquares of the two ſides 
equal to the ſquare of the hypothenuſe; the pofition of points 
is aſcertained by the perpendiculars from them on lines given in 
poſition; the poſition of lines by the angles which they make 
with given lines, or by the perpendiculars on them from given 
points: the ſimilarity of triangles by the proportionality of their 
ſides which gives an equation, &c. 

Theſe and other geometrical principles muſt be employed both 
in the demonſtration of theorems, and in the ſolution of pro- 
blems, The geometrical propoſition muſt firſt be expreſſed in 
the algebraical manner, and the reſult after the operation muſt 
be expreſſed geometrically. 


II. The Demonſtration of Theorems. 


All propoſitions in which the proportions of magnitudes only 
are employed, alſo all propoſitions expreſſing the relations of the 
ſegments of a ſtraight line, of their rectangles, ſquares, and 
higher powers are demonſtrated algebraically with great eaſe: 
ſuch demonſtrations indeed, may in general be conſidered as an 
abridged notation of what are purely geometrical. The II. 
Book of Euclid. 


If certain poſitions are either ſuppoſed or to be inferred in 2 
theorem, we mult find according to the preceeding obſervations, 
the connection between theſe poſitions and ſuch relations of mag- 
nitude as can be expreſſed and reaſoned upon by algebra. 


From few ſimple geometrical principles alone, a number of con- 
cluſions with regard to figures may be deduced by algebra; and 
to this ina great meaſure is owing the extenſive aſe of this ſcience 
in geometry. If other more remote geometrical principles are 
occaſionally introduced, the algebraical calculations may be 
much abridged. The ſame is to be obſerved in the ſolution of 

pro: 
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problems; but ſuch in general are leſs obvious, and more pro- 
perly belong to the ſtrict geometrical method. 


III. The Solution of Problems, 


Upon the ſame principles, are geometrical problems to be re · 
ſolved. The problem is ſuppoſed to be conſtructed, and proper 
algebraical notations of the known and unknown magnitudes 
are to be ſought for, by means of which their conneCtions may 
be expreſſed by equations. No general rules can be given on 
this ſubject, but the following obſervations may be of uſe. 

t. The conſtruction of the problem being ſuppoſed, it is often 
farther neceſſary to produce ſome of the lines till they meet; to 
draw new lines joining remarkable points, to draw lines from 
ſuch points perpendicular or parallel to other lines, and ſuch 
other operations as ſeem conducive to the finding of equations; 
and for this purpoſe thoſe eſpecially are to be employed, which 
_—_— the ſcheme into triangles that are given, right angled or 

imilar. 


2. It is often convenient to denote by letters, not the quanti- 
ties particularly ſought but ſome others from which they can 
eaſily be deduced. The ſame may be obſerved of given quan- 
tities, : 

3- The proper notation being made, the neceſſary equations are 
to be derived by the uſe of the moſt ſimple geometrical prin- 
ciples, ſuch as the addition and ſubtraction of lines or of ſquares, 
the proportionality of lines, particularly of the ſides of ſimilar 


 trigngles, c. 


4. There myſt be as many independent equations, as there 
are unknown quantities aſſumed in the inveſtigation, and from 
theſe a final equation is to be inferred by the preceeding rules. 

By inferting numbers for the known quantities, a numeral ex- 
preſſion of the quantities ſought will be obtained by reſolving the 
equation. But in order to determine ſome particulars of the 
problem, beſides finding the unknown quantities of the equation, 
it may be farther neceſſary to make a ſimple conſtruction; or if 
it is required that every thing be expreſſed in numbers, to ſub- 
ſtitute a new calculation in place of that conſtruction. 


If the final equation from the problem is ſimple or quadratic, 
the roots being obtained by the common rules, may be geome- 
trically exhibired by the finding of proportiopals, ang the addi- 
tion or ſubtraction of ſquares, RI ; 

| ROB. 


ee 
PAR O B. I. 4 
In a given Triangle ABC to inſcribe a Square, 


Suppoſe it to be done, and let it be EFHG; from A let AD 
be perpendicular on the baſe BC, meeting EF in K. 


Let BC = a, and AD = p, 
both of which are given becauſe 
the triangle is given: let AK be 
aſſumed as the unknown quanti- 
ty, becauſe from it the ſquare 
can eaſily be conſtructed, and 
let it be called x. then (KD = 
EG=)EF=p—x. 


On account of the parallels EF, 
BC, AD: BC:: AK: EF; 
thatisp:a!:x:p—x and 
* — px = ax, which equa- . 


tion being reſolved gives x 3 G D 1 :0 
" | 


—_—— 
— 


PF? + 4 N | | | 

Therefore x or AK is a third proportional to p + a, and p, 
and may be found by 11. VI. El. The point K being found, 
the conſtruction of the ſquare is ſufficiently obvious. | 


PROB. I. Frum 5 


In the right: angled . ABC, the Baſe BC and 1% 
Sum of the Pk ben ar and Sides BA + AC + AD; 
t 


being given, to find the Triangle. 


Such parts of this triangle are A = | 
to be found as are neceſſary for | 
deſcribing it: the perpendicu- 
lar AD will be ſufficient for this 
purpoſe, and let it be called x: 

let AB+AC+AD =a, BC 
= , therefore BA + AC= ai AD 
2 — x: let BA AC be de- D B 


noted by y, then BA , * AC === . Bu 

| | | 2 | 
[47+ I. EL] BC*=BA*+ AC? which being expreſſed CRE 
* 2 


/ 


tl 


Put 
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be- 
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A "Ab y; no 32x na -gh os! D 
becomes, 32 44 2.—.— — — ＋.—.— — 3 wy Tag — 


i p Ad 
Likewiſe from a known -ptoperty of righit-angled triangles, BC 


AD SBA AC; that is bx= (4 FI=Xx © — =) 


ab — 24x _ — — b This laſt equation being multiplied by 2 


TINT. 
and added to the former, gives 5˙ + 2bx = a* — 24 TA 
which being reſolved according to the rules of Part I. Chap. 5. 
gives x = a +6 - V4 + 20. yy | | 
'To conſtruct this: a +6 is the ſum of the perimeter and 
perpendicular, and is given; VIA + * . +56 „ 26 is 


a mean proportional between a + b and 26, and may be found; 
therefore from the ſum of the perimeter and perpendicular, ſub · 
tract the mean proportional between the {aid ſum, and double 
the baſe, and the remainder will be the perpendicular required. 
From the baſe and perpendicular, the right-angled triangle is 
calily conſtructed. r 224 | 
la numbers, let BA + AC + AD=18.8=4; BCS =6; 
then AD=a+b—y/ 24b+26* = 28.8 - 570=4.8= x. By 
either of the firſt equations y*=2 6* + 2 ax - -& =4 and 
y=2; therefore BA =8, and AC=6. . : 

The geometrical expreſſion of the roots of final equations ari- 
ſing from problems, may be found without reſolving them, by 
the interſection of geometrical lines. Thus the roots of a qua- 
dratic are found by the interſections ot the cirele and ſtraight 
line, thoſe of a cubic and biquadratic, by the interſections 
of two conic ſections, &c.' | hs 

The ſolution of problems may be effected alſo by the inter- 
ſections of the loci of two intermediate equations without dedu- 
cing a final equation: but theſe two laſt methods can only be un- 
derſtood by the doctrine of the loci of equations. 


— 
K — 
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CHAP. IL 
Of the Definition of Lines by Equations. 


N which can be geometrically treated of, muſt be produced 
according to an uniform rule, which determines the poſi- 
uon of every point of them. The 
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Ibis rule conſtitutes the definition of any line from which all 
its other properties are to be derived. | 

A ſtraight line has been conſidered as ſo fimple, as to be in- 
capable of definition, The curve lines here treated of, are ſup- 
poſed to be in a plane, and are defined either from the ſection of: 2 
ſolid by a plane, or more univerſally by ſome continued motion 
in a plane, accortling to particular rules. Any of the properties 
which are ſhewn to belong peculiarly to ſuch a line, may be aſ- 
ſumed alſo as the definition of it, from which all the others, and 
even what upon other occaſions may have been conſidered as the 
primary definition, may be demonſtrated. Hence lines may be 
defined in various methods, of which the moſt convenient is to 
be determined by the purpoſe in view. The ſimplicity of a de- 
finition, and the eaſe with which the other properties can be 
derived from it, generally give a preference. 


DEFINITIONS. 


I. When curve lines are defined by N they are ſup- 
— 1 to be produced by the extremity of one ſtraight line, as 

M moving in a given angle along another ſtraight line AB 
given in polition, which is called the Baſe, 


II. The ſtraight line PM moving along the other, is called 
an Ordinate, and is uſually denoted by y. is 1 

III. The ſegment of the baſe AP between a given point in 1 
A and an ordinate PM is called an 46/ci/s with reſpect to that 
ordinate, and is denoted by x. The ordinate and abſciſs to- 


gether are called C-ordinaters © 


wt > 
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Iv. If che relation of the variable abſeiſs and ordiffate AP and 
PM, be expreſſed by an equation, which beſides x and y contains 
only known quantities, the curve MO - deſcribed by the extre- 
mity of the ordinate in moving along the baſe, is called the 
Locus of that equation. 057 

V. If the equation is finite, the curve is called Algebraical. 
It is this claſs only which is here conſidered, | | 


VI. The dimenſions of ſuch equations are eſtimated from the 
higheſt ſum of the exponents of x and y in any term. Accor- 
ding to this definition the terms x“, Xx, x*y*#xy3, y* are all of 
the ſame dimenſion. : 

VII. Curve lines are divided into orders from the dimenſions 
of their equations, when freed from fractions and ſurds. 


In theſe general definirions, the ſtraight line is ſuppoſed to be 
comprehended as it is the Jocus of ſimple equations. The loci of, 
quadratic equations are ſhewn to be the conic ſections, which 
are hence called lines of the ſecond order, &c. e. | 


It is ſufficiently plain from the nature of an equation, con- 
taining two variable quantities, that it muſt determine the po- 
fition of every point of the curve defined by it, in the manner 
now deſcribed: for if any particular value of one of the variable 
quantities as x be aſſumed, the equation will then have one 
unknown quantity only, and being reſolved, will give a preciſe 
number of correſponding values of y, which determine ſo many 
points of the curve. | 

As every point of the locus of an equation has the ſame general 
property, it muſt be one curve only, and from this equation all 
its properties may be derived. It is plain alſo that any curve 
line defined from the motion of a point according to a fixed rule, 
muſt either return into itſelf, or be extended ad infinitum with 
a continued curvature. | 

The equation however is ſuppoſed to be irreducible, becauſe 
if it is not, the locus will be a combination of inferior lines: 
but this combination will poſſeſs the general properties of the 
lines of the order of the given equation, 


It is to be obſerved all along, that the poſitive values of the 
ordinate as PM being taken upwards, the negative Pm will be 
placed downward on the oppoſite ſide of the baſe: and if poſitive 
values of the abſciſs as AP be afſumed to the right from its be- 
pinning, the negative values, AP will be upon the left, and 
rom theſe the points of the curve M, m, on that fide are to be 
determined, 
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In the general definition of curves it is uſual to ſuppoſe the 
co-ordinates to be at right angles. If the locus of any equation 
be deſcribed, and if the abſciſs be aſſumed on another baſe, and 
the ordinate be placed at a different angle, the new. equation 
expreſſing their relation, tho' of a different form, will be of the 
ſame order as the original equation; and likewiſe will have in 
common with it, thoſe properties which diſtinguiſh the equations 
of that particular curve. | | ee | 

This method of defining curves by equations may not be the 
fatteſt for a full inveſtigation of the properties of a particular 
curve; but as their number is without limit, ſuch a minute 
r concerning all would be, not only uſeleſs, but im- 
poſſible. It has this great advantage however, that many of 
the general affections of all curves, and of the diſtinct orders, 
and alſo ſome of the moſt uſeful properties of particular 
curves may be eaſily derived from it. Ph eee 
I. The Determination of the Figure of a Curve from its 

The general figure of the curve may be found by fubſtituting 
ſucceſſively particular values of x the abſciſs, and finding by the 
reſolution of theſe equations the correſponding values of y the 
ordinate, and of conſequence ſo many points of the curve, If 
numeral values be ſubſtituted for x, and alſo certain numbers 
for the known letters, the reſolution of the equation gives nume- 
ral expreſſions of the ordinates; and from theſe by means of 
ſcales a mechanical deſcription of the curve will be obtained, 
which may often be uſeful, both in pointing out the general 
diſpoſition. of the figure, and alſo in the practical applications 
of geometry. 5 N 

ome more general ſuppoſitions may be of uſe in determining 
the figure ; but theſe can be ſuggeſted only from the particular 
form of the equation in view. By ſuppoſing x to have certain 
relations to the known quantities, the values of y may become 
more fimple, and the equation may be reduced to ſuch a form as to 
ſhew the direction of the curve, and ſome of its obvious properties. 
The following general obſervations alſo may be laid down. 

1+ If in any caſe a value of y vaniſhes, then the curve meets 
the baſe in a point determined by the correſponding yalue of x. 
Hence by putting y g, the roots of the equation, which in that 
ftuation are values of x, will give the diftances on the baſe at 


which the curve meets ie. | 


2. If at a particular value of x, y becomes infinite, the curve 
| | has 
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has an infinite arc; and the ordinate 'at that point becomes an 
aſſymptote, - - . | . C143 g Is 

3. If when x becomes infinitely great y vaniſhes, the baſe 
becomes an aſſymptote. 

4 If any values of y become impoſſible, then ſo many interſec- 
tions of the ordinate and curve vaniſh. If at any value of x all 
the values of y become impoſſible, the ordinate does not there 
meet the curve. | | 

5. It two values of y become equal and have the ſame ſign, the 
ordinate in that ſituation either touches the curve; or paſles thro? 
an interſection of two of its branches, which is called a punctum 
duplex, or thro an oval become infinitely little, called a punc - 
tum conjugatum. | # —— 

In like manner is a punctum triplex, &c. to be determined, 

The following example will illuſtrate this doctrine. 

Let the equation be ay* — x = x3 + bx*: therefore y* 
2 and y === * T =+=x / A 
. 4a — * a - 


Let AB be aſſumed as a baſe on which the abſciſſes are to be 
taken from A, and the ordinates perpendicular to it. 

Since the two values of y are equal, but have oppoſite ſigns 
PM, and Pm which repreſent them, muſt -be taken tina: to 
each other on oppoſite ſides of AB; and it is plain that the parts 
of the curve on the two ſides of AB, muſt be every way ſimilar 
and equal. | | 


If x is made equal to a, then y = x which is an alge- 


* 


2 
braical expreſſion for infinity; therefore if AC is taken equal to 
a, the perpendicular CD will become an aſſymptote to the curve, 
which will have two infinite arcs. (Obſ. 2.) If x is greater than 
a, the quantity under the radical fign becomes negative, and the 
values of y are impoſhble; that is no part of the curve lies be. 
Fond CD. (4.) —ê8 * PIN ü 
Both branches of the curve paſs through A ſince y =o, when 


X=0. (i.) Let x be negative and y ==x Nx, the values 
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TR 

of y will be poſſible if x is not greater than b; but if x, then 

Y So, and if x is greater than b, the values of y become impoſ- 

ſible; that is, if the abſciſs AP be taken to the left of A, and 

leis than 6, there will be two real equal values of y, viz PM, Pm 
on 


(8) 
on the oppoſite ſides as before: if AE he taken equal to 5, the 
curve will paſs thro' E, and no part of it is beyond E. (t. and 4.) 
D 


m 
I 


The portion between A and E is called a Nedus. 

If y be put =o, then the values of x are o, o, —$. That is 
the curve paſſes twice thro' A, or A is a punctum duplex, and it 
paſſes alſo thro? E as before. (I.) 

In a ſimilar method the locus of any other equation is to be 
traced: thus by varying the former equation, the figure of its 
locus will be varied. Ifo, then the points A and E coincide, 
the nodus vaniſhes, and A is called a Cuſpis. | 

If 4 is negative, then E is to the right of A, which will now 
be a punctum conjugatum. The reſt of the curve will be between 
E and C, and CD becomes an aſſymptote. | 

If a=o then —xy* =x3 —bx* or y* -x which is an equa- 
tion to the circle of which b= AE isthe diameter. 


Il. Genera! Properties of Curves from their Equations. 


'The general properties of equations lead to the general affec- 
tions of curve lines. For example, | 

A ſtraight line may meet a curve in as many points as there 
are units in the dimenſion of its equation; for ſo many roots 
may that equation have. An afſymptote may cut a curve line 
in as many points excepting two as it has dimenſions, and no 
more. 'The ſame may be obſerved of che tangent. 


mpoſſible roots enter an equation by pairs, therefore the in- 
| ter- 
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terſections of the ordinate and curve muſt vaniſh by pairs. 

The curves of which the number expreſſing the order is odd, 
mult have at leaſt two infinite ares; for the abſciſs may be fo aſ- 
ſumed that for every value of it, either poſitive or negative, there 
muſt be at leaſt one value of y, &c. 

The properties of the coefficients of the terms of equations 
mentioned Part II. Chap. 1. furniſh a great number of the 
curious and univerſal properties of curve lines. For example, 
the ſecond term of an equation is the ſum of the roots with the 
ſigns changed, and if the ſecond term is wanting, the poſitive 
and negative roots muſt be equal. From this it is eaſy to de- 
monſtrate, „That if each of two parallel ſtraight lines meet a 
curve line in as many points as it has dimenſions, and if a 
ſtraight line cut theſe two parallels, ſo that the ſum of the ſeg- 
ments of each on one ſide, be equal to the ſum of the ſegments on 
the other, this ſtraight line will cut any other line parallel to 
theſe in the ſame manner.” Analogous properties, with many other 
conſequences from them, may be deduced from the compoſition 
of the coefficients of the other terms. 

Many properties of a particular order of curves may be inferred 
from the properties of equations of that order. Thus, “If a 
ſtraight line cut a curve of the third order in three points, and 
if another ſtraight line be drawn making a given angle with the 
former, and cutting the curve alſo in three points, the parallele. 
piped by the ſegments of one of theſe lines between its interſec- 
tion with the other, and the points where it meets the curve, will 
be to the parallelepiped by the like ſegments of the other line, in 
a given ratio. This depends upon the compoſition of the ab- 
ſolute term, and may be extended to curves of any order. 


III. The Subdiviſion of Curves. 


As lines are divided into orders from the dimenſions of their 
equations, in like manner from the varieties of the equations of 
any order, may the different Genera and Species of that order be 
defined, and their peculiar properties diſcovered, | 


For this purpoſe a complete general equation is aſſumed af 
that order, and the varieties in the terms and coefficients which 
affect the figure of the locus areenumerated. 

It was formerly obſerved, that the equations belonging to any 
one curve, may be of various forms, according to the poſition of 
the baſe and the angle which the ordinate makes with it, tho they 
be all of the ſame order, and have certain properties, which dit- 
tinguiſh them from the other equations of that ordex. 

1 M 30 The 
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The locus of ſimple equations is a ſtraight line. There are 
three ſpecies of lines of the ſecond order, which are eaſily ſhewn 
to be the conic ſections, reckoning the circle and ellipſe to be one. 
Se venty eight ſpecies have been numbered of the third order: 
and as the fuperior orders become too numerous to be particular- 
ly - toi it is uſual only to divide them into certain general 
claſſes. 


A complete general arrangement of the curves of any order, 
would furmiſh canons, by which the ſpecies. of a curve whoſe 
equation 1s of that order might be found. 


IV. Of the place of Curves defined from other Prin. 

ciples, in the Algebraical Syſtem. | 

If a curve line be defined from the ſection of a ſolid, or from 
any rule different from what has been here ſuppoſed, an equation 
to it may be derived, by which its order and ſpecies in the gene- 
ral ſyſtem may be found. And for this EE any baſe and any 
angle of the co-ordinates may be aſſumed, from which the equa- 
tion may be molt eaſily derived, or may be of the moſt ſimple 


form, | 

Thethree Ccnic Sefiiens are of the ſecond order, as their equa- 
tions are univerſally quadratic; the Cifſoid of the ancients is of the 
third order, and the forty ſecond ſpecies, according to Sir J/aac 
Newton's enumeration; this is the curve defined by the equa: 
tion in page 88, when 6=0. The curve delineated in that page 
is the 41ſt ſpecies. When 6 is negative in that equation, the 
Jocus is the 43d ſpecies. The Conchoid of Nicemeces is of the 
ſourth order; the Caſſinian curve is alſo of the fourth order, &c. 

It is to be obſerved, that not only the firſt definition of a curve 
may be expreſſed by an equation, but likewiſe any of thoſe theo. 
rems called loci, in which ſome property is demonſtrated to be- 
long to every point of the curve. The expreſſion of theſe propo- 
fticns by equations, is ſometimes difficult: no general rule, 
can be given, and it muſt be left to the {kill and experience 0 


the learner. 
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This method of treating curve lines by equations, beſides the 
uſes already hinted at, has many others, which do not belong 
to this place: ſuch are, the finding the tangents of curves, thei! 
curvature, their areas and lengths, &c. The ſolution of thele 
problems has been accompliſhed by means of the equations to 
curves, tko' by employing concerning them a method of reaſon: 
ing, different from what has been here explained. CHAP, 
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CHAP. III. 


I. Conflruftion of the Loci of Equations. 


THE deſcription of a curve, according to the definition of it, 
T is aſſumed in geometry as a Paſtulate.“ | 

If the properties of a particular curve are inveſtigated, it will 
appear that it may be deſcribed from a variety of data different 
lc WF from thoſe aſſumed in the poſtulate, by demonſtrating the de- 

pendence of the former upon the latter. 

1 As the definitions of a curve may be various, ſo alſo may be 
the poſtulates, and a definition is frequently choſen from the 
mode of deſcription connected with it: the ſimplicity of it, and 


. 


cen the accuracy with which it can be executed mechanically, 
1 have been conſidered as important circumſtances. 9 4 


8 Tho' an equation to a curve may be conſidered as a datum 

) WH ſufficient ſor its deſcription, yet it is ſeldom poſſible to execute 
this deſcription mechanically, by ſuch a motion as is ſuppoſed 
in the definition by that equation. Hence other more ſimple 
motions are inveſtigated from the equation, by which the curye 
"WH defined by it may be deſcribed. 


hg In the ſtraight line, the circle, the conic ſections, and a few 
1a g : ; 
aa. curves of the higher orders, the molt convenient poſtulates are 


el generally underſtood. Hence it becomes uſeful to conſtruct the 
Po locus of an equation to any of theſe lines; that 1s, tofind from the 
mel <9vation, thoſe data which from the eſtabliſhed theory of the 
de. curve, are conſidered as neceſſary to its deſcription in the poſlu · 
lite, or in any problem founded upon it. 


. An example of ſuch à conſtruction is in the problem of the 
be next ſection. 


po II. 
lles | 
e 0 A poſtulate in geometry ſeems to he improperly called a mechanical principle, 


No geometrical line whatever can be d:ſcribed mect anically according to the ma- 
thematical definition; and therefore in theory, the ſolutions of problems by the 
conic ſections, or by any of the higher orders, is to be conſidered as equally perfect 
with thoſe by the circle and firaight lines. When geometricat operations are 
vſed in practice, then thoſe lines of whatever order and thoſe methods of deſerib- 
the ins them are to be preferred, by which the conſtruction required may be moſt 

caſily and accurately performed. There are but ſew mechanical operations 
ong gg whicl admit of tolerablc acc uracy, and hence the great advantage of arithmctical 
nein calculations in the practical arts founded on geometry. By theſe the more com- 
1eſeſW© vlicated conſtructions of geometry ac reduced to thoſe ſimple operations which 
arę found by experience to be cup of greateſt exactnęſs. | 
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II. Solution Problems. 

The ſolution of geometrical problems by algebra is much 
promoted by deſcribing the loci of the equations ariſing from 
theſe problems. | | 

For this purpoſe equations are to be derived, according to the 
methods formerly deſcribed, and then to be reduced to two, 
containing each the ſame two unknown quantities. 'Fhe loci 
of thele equations are to be deſcribed, the two unknown quanti. 
ties being conſidered as the co-ordinates, and placed at the 
fame angle in both. The co-ordinates. at an interſection of the 


loci will be common to both, and give a ſolution of the problem. 


The ſimplicity of a conſtruction obtained by this method will 
depend upon a proper notation, and the choice of the equations 
of which the loci are to be deſcribed. "Theſe will frequently be 
different from what would be proper in a different method of 
ſolution, 


P AQ 8B. ML, 


To find a Point F in the Baſe of the given Triangle ABC, 
fo that the Sum of the Squares of FE, FD drawn from 
it perpendicular upon the two Sides, may be equal to a 
given Space. whe 


Draw BH, CG perpendicular on the two fides, and lex 
FD = x, FE =, BF = 2, BC | 


given ſpace FD* + FE* = m?. 
From ſimilar triangles a x :; 
d;.randz= BY * 
| r 
Allo - 2 ::6:! , and æ 


833 Q 


therefore bx = b — yb 


pf 7 E. 
4 4 r R 9 "A 
tion to a ſtraight line. | + e 


Butx*-+z*=m? of which the Ic eus is a circle having m for the ra» 

dius. By conſtructing theſe loci, their interfection will give aſolu- 
tion cf the problem. 

Let KL = CG (= 7) be at right angles to LM = BH (Fe 

| join 
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join KM to which let LN be paral- 
Jel; LN is the locus of the equation 
y=p— PX. for let any line OPQ 
be drawn parallel to LM, if KP x 

then PQ ==, and QQ=LM=p, 


therefore PO=y = þ 2 


. { 
About the center K, with a aig} K 
tance equal to the line m, let a circle 
be deſcribed; that circle will be the 
locus of the equation m = x* + y*, 
for it is plain that if OP be any per- 
ndicular from the circumference 
upon KL, KP being x, OP will be 
y. Either of the points therefore in 
which theſe two loct interſect each 
other, as O,will give OP an ordinate 
in both equations, KP being the 9 2 
common abſciſs; therefore KP, OP are the two perpendiculars 
required, from which the point F is eaſily found. 


The conſtruction might have been made on figure 1ſt, with 
ſewer lines. If the circle touches LN there is only one ſolution 


which is a minimum, and if the circle does not meet LN, the 
problem becomes impoſſible. 


When he circle touches LN, the radius m muſt be equal to 
the perpendicular from Kon LN, or from Lon KM, This per- 


pendicular is equal to or a fourth proportional to MK, 
PA. 
KL, and LM, and its ſquare therefore is the leaſt ſum of the 


r ſquares of the perpendiculars from a point in the baſe on the 
two ſides. 


It may be remarked alſo, that the point which gives the ſum of the 
ſquares a minimum, is found by dividing the baſe, in the pro- 
portion of the ſquares of the two fides of the triangle; and this 
— Zis caſily demonſtrated from the preceeding conſtruction. 


a- ö. 


Between two given Lines to find two mean Proportionals. 


by) Let the lines be à and ö, and let the two means be x and y; 
in therefore 


1 
thereſore a & . by and hence ay = x?, and x , which 
are both equations to the parabola, and are eaſily conſtructed. 
The co-ordinates at the interſection of theſe two loci, will be 


the means required. | 
If one unknown quantity only is aſſumed, or if it is conveni- 


ent to deduce a final equation containing only one, the conſtruc. 
tion of the roots is to be obtained by the method mentioned in 


the next ſection, 


III. Conſtrudtion of Equations. 


The roots of an equation, containing only one unknown 
quantity, may be found by the interſection of lines, the pro. 
duct of whoſe dimenſions is equal to the dimenſion of that equa. 
tion. And hence problems are reſolved without an algebraical 
ſolution of the equation ariſing from them. 

Thus cubic and biquadratic equations may be conſtructed by 
the interſections of two conic ſections as the circle and parabola, 
which are generally aſſumed as being moſt eafily deſcribed. 

In order to find theſe conſtructions, a new equation is to be 
aſſumed containing two variable quantities, one of which is the 
unknown quantity of the given equation, and the other by ſub- 
ſtitution is to be inſerted alſo in the given equation; the interſec · 
tion of the loci cf theſe equations will exhibit the roots re- 
quired. 

Canons may be derived for the conſtruction of particular 
orders, without aſſuming the new equation. 

The final equation from prob. 4. would be x3 =a*b, which 
being conſtructed according to the rules, exhibits the common 
geometrical ſolution of that problem by thecircle and parabola. 
If an equation be aſſumed as ay=x*, the other by ſubſtitu- 
tion becomes xy rab: the locus of the former is a parabola, and 
of the latter an hyperbola, one of its · aſſymptotes being the baſc, 
and the co-ordinates at their interſection will repreſent x and y; 
The firſt of the two means is x, and in this caſe y is the other. 

Equations alſo might be aſſumed ſo as to give a ſolution of this 
problem by other combinations of two of the conic ſections, one 
of them not being the circle, | 

As geometrical magnitudes may be repreſented by algebra, 
ſo algebraical quantities and numbers may be repreſented by 
lines. Hence this conſtruction of equations has ſometimes been 
uſed as an eaſy method of approximation to a certain degree of 
accuracy: but as it depends upon mechanical operations, it can- 


not be continued at pleaturc, $ CH O- 
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If the relation between the ordinate and abſciſs be fixed, but not 
expreſſivle by a finite equation, the curve is called Mechanical. 


This claſs is alſo ſometimes defined by equations, by ſuppoſing 
either x or y in a finite equation, to be a curve line, of which the 


relation to a ſtraight line cannot be expreſſed in finite terms. 


If the variable quantities x or y enter the exponents of any 
term of an equation, the locus of that equation is called an Ex- 


ponential Curve. 
Many properties of theſe two kinds of curves may be diſcove · 


red from their equations, 


Page Line For Read 
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